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QUADRATI

EQUATIONS

In this unit the students wij| be able t
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Define a quadratic equation,

Solve a quadratic equation in one variable b
o Factorization "
O Completing square method

Use method of completin
; g square to deri -
Use the quadratic formula to solve quad;z::quzgi:tlc B
5.

Solve equations, reducible to i
quadratic form, of the type: ax*+ byx?+¢ =0,

=g.

Solve the equations of the type: ap (x) + -
_ p)

Sol (5 lprocai equatl ns fth ‘yp X" +— +b +—= |t =
VE rec 0 0 (4 € a l

F] ] LI ]1’ C G -
Solve exponenl‘lal eql.latlons mn Whl(:h the Vallahles Occur 1n Cxpnﬂa‘[lts

Solve equations of the type (x +
a)(x+b)(x+e o
Solve equations of the type: )(x+d) =k, where a+b=c +d.

o ax+b=cx+d.

0 +x+a +Jx+b =Ji+c B

o} Jx1+px+m+\/x"+px+n=q_

/

g (I) = av + bx kg
ox-+bx+c=0 Expressionset ]
: : equal to 0
Quadratic term
az0
Linear term
~ Constant te
Mathematics 3
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travels, then comes down again

Unit 1 Quadratic Equations

| Whyits mpor @

Balls, Arrows, Missiles and Stones

When you throw @ ball (or shoot an arrow, fire amissile

or throw a stone) it goes up into the air, slowing as it
faster and faster ...

atall

. and a Quadratic Equation tells you its position

times!

Quadratic Eguations a
For a parabolic mirror, a 1€
satellite dish, the shape is define

equation.

re useful in many other areas:
flecting telescope of @
d by a quadratic

Quadratic equations aré also needed when studying
lenses and curved mirrors.

Many questions involving time,
need quadratic equations.

Quadratic equation

ne variable is 2
dc,arereal numbersanda#0.

distance and speed

he form

A quadratic equation in o n equation that can be written in 1
ax’ +bx +¢=0,wherea, b, an

The name Quadratic comes
from"qua "meaning square
because the highest power
of the variableis 2.

this makes it Quadratic

—

. :
Hx 3 +3=10

jons include
¥ +2x=0, and 2 =3x+1

Examples of quadratic equat
2 +x+1=0, 22*-3=0,
m Solution of quadratic equations

ariable for which the given equatio
tions is called solution sel- _

e only forx=3 and x=-3,hencex=
_9=0and {3,-3} is the solution

nistrueare called solution or roots

Allthose values of the v

of the equation, and the set ofallsolu
uadratic equationx =9=0 is tru 3 and

For example, the q
ions or roots of the quadratic equation %

x=-3are the solut

set.

We may solve quadratic equations by the following methods.
(a) by factorization
(b) by completing the square
(c) by quadratic formula

Mathematics X
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solutio
LR § g | .

a9 auzdral

R o AT eouni; -
vegusiion by Tactor 2

1 By factorization to it

A quadratic e :
ol quation ca i
isillustrated in th n easily be solved by splitting i
e followin y splitting it in fact <
g examples: ctors. The factorization me
: thod

Xample |n Solvi
e s ving a quadratic equation with factorization
ch quadratic equatio .
3 n by fact -
() 27+2%-11= 1 (,_y actzﬁ?t@(:hcﬁ your results
. Il) 12 = +‘] d
£

Solution i 5
(i) Star iti '

t by writing the equation iff the fo *+br4c=0
s x+c =0,
i . 1 given cquatien

al :g subtract 1 from cach side
= divide each si / i

B 4, W ¥ 3 side by 2 (optional siep)

x+3=0 "

K 3_ or x-2=0 zero-product propeny
or x=2 solve

I ][ese S()lllthl'l can be ClleCkEd by Subst!.tuimg the“l mn the gl\'eﬂ eqﬁafll‘)ll.

227 +2(2)-11 =1
1=1 (true)

23 +2(=3)-11 =1
. . 1=1 (true)
(i) Write the equation in the form at® + bt + ¢ =0

3o .
oy 1211" Ut +1 given equation
2 —1= subtract tand |
(3t=1)4t+1)=0 factorize
3t—-1=0 or 4t+1=0  zero-product property
1 -1 .
t=— or =— sobe
: 3 solve

To check these solutions, substitute them into the given equation.
@ Try This
| Solve the following aquatiomi

2 2
12(1] <Ly 12(-1} Al e
3 3 4 4 ! (1].a‘+7a—8=0
4 4 3.5 WL s el
—=— (truc) == () : '
3.3 4 4
. ;,;-1—--' -_.-,»- a7y - T — =
SHTIEORISATER - &
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Unit 1 Quadratic Equations

-

Aball is thrown straight up, from 3 m above the ground with a velocity of 14 m/s. When

does it hit the ground?
Solution :
We can work out its height by adding up these three things:
The height Starts At 3 M evenieriessviessssssssmssimssss s s 3
econd (14 USY: i.ccuvimssssssmnssossssanssienssassinssias 14

It travels upwards at 14 meters per s w1
Gravity pulls it down, changing its position by about 5 m per second squared: ...—5t* -

(8

1 is time in seconds

Add them up and the height / at any time 7 is:
h=3+ 14t 5’
And the ball will hit the ground when the height is zero:
3+ 14t- 5 =0
Or 5t - 14t-3=0.
Which is a quadratic equation. i
Let us solve it ... | i
Replace the middle term with —15 and 1 [T1
ie = 5£-15t+t-3=0
5t(t—3)+ 1(t—3)=0
(5t+1)(t-3)=0
And the two solutions are:
5t+1=0 or t-3=0 rm!
t=—=02o0rt=3 b
The "t =—0.2" is a negative time which is
impossible in our case.
The "t = 3" is the answer we want:
* The ball hits the ground after 3 seconds!
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2 :
(0,3) says whent =0 (at the start) the ball isat 3 m.
(3,0) says that at 3 seconds the ball is at ground level.

Study Tip
The examples in the text are carefully chosen to prepare you for success with the exercise sets.

Study the step-by-step solutions of the examples, noting the substitutions and explanations. The
time you spend studying the examples will save your valuable time when you do your homework.

Unit 1 Quadratic Equations

I pieing square
easily factorized and hence it is not easy to find their

SOm q rati qua 10on are not
(] uad tic [« t 3
3
bﬂlutlon by faCto[lZatlDll.

For example, the quadratic e

. uatio ' dc.s .
equation can be so]ye, quation x* + bx = —¢ cannot be casily factorized. Such quadratic

dby completin g the square method

=0 =

x2+bx=(x+!/;)2_ (Vab?

~1 Try. This

What must be added to obtaina perfect square? (i), x*+5¢

(). Write the quadratic equation in its standard form.

(1!) Divide both sides of the equation by the co-efficient of " if it is other than 1.

(iii). Shiftthe constant term to the right-hand side of the equation.

(1v). Square halfthe co-efficient of x and add the square to bothssides.

(v). Write the left-hand side of the equation as a perfect square and simplify the

_ right-handside. \ ;
(vi). Take square root of both sides of the equation and solve the resulting equation to

find the solutions of the equation.

r\z'@ﬂ'ﬁ ‘F;@ R}S?é’iigﬁ Mathemanes N '.:;?@_




. . . Unit 1 Quadratic Equations i
) nit 1 Quadratic Equati .
quations .

£ Using the quadratic formula,

De
C b aan ﬂ Completing the square.
Solve each equation Solv ; 4
A Ry 0 \.c the equation 3x% — gy + 2 =
X —8 Solution S -
— Solution Leta=3.p e
. o . % 4=3,b=-6andc= Use an onli
‘;' Start by writing the equation in the form.a™ =+ kv=d. ) J‘g To solve u:f\: alff;:l[zmng
1 : : I 1 S PO ; ;
F=8+9=0 given equaton A= ——-—-—i’___ffi o % guadrauc €quations step
& X —8r=-9 <ubtract 9 from each side LK Avoid Errors 2a quadratic formula ¥ step
ev ¢ Bonlbomiie dad £ 28T i R cm}lvlcli“g the ¢ = 20V -6y - 43)2) HRdng
P-8r#16§=<9+16 add|{=| ={—=|[ =} square to solve an equation T oy . substitute fora, bz
C 5 : "r 5 make sure that 2(3) iora bande
K (e=qr=7 the perfect square e the coeflicientofx’is | 612 (@ Try This —
E_" x-4=%7 square reot property e youadd theterm (b/2)to e R simplify Solve
7‘ x=4 7 add 4 to cach side E;;;ltlio:ldcs Qi 13 @@). 4I:+3x—2=0
e aar x=lt= (ii). 9 -42x+49=0
! . ; st | L o -
fi 3 Quadratic formula xample B 3 - (i), 5¢ — 10x+ 13 =0
A The general form of quadratic equation is a¥’ + by + ¢ = 0. where a, b and c are real numbers g “ ! i |
and “a” is not equal to zero. By using completing the square method we can derive the A company is making frames as part of {
[ : - VA G cutout ofa pi part of a new product they are launchi : |
quadratic formula for the solution of all quadratic equations. apiece of steel. To keep the weight down, th ching. The frame will be
y : of the frame has tobe 11 cm by 6 wn, the final area should be 28 em®. The insid !
i a +bx+c=0 ¥ 6 cm. What should the width x of the metal be? : e
1 ax" +br=-c¢ shift the constant term to the right of the equation Solution ~ Area of steel before cutting: ' '
f b o L e Atea= (11+2:) x (6+ 20 om? =42+ 3r +66cm? e 2> e !
| & i g divide all terms ol both sides by a. Mirea OfS(EcI it colfiig oib B 116 veiddia: .- == |
; . : . Iy A'rea =4x" + 34x + 66 — 66 = 4> + 34y 6 |IE
Add (:}—] =—— (o both sides of the equation. Smceﬁthe area equals 28 cm’. E - X -
2a a 437 + 34y =128, Il L
k] 4 k] % |
B, b g 7 Or2xv+17v - 14=0.Herea=2,b=17andc = 14 1
\,_—biu"b:—f-lac 1
K S why b il :

a 4da 4da a
= (H__b_] i —ilac (e 2a
2a 4a — i
; ~(17)£4/(17) -4(2)(-14 I
iz r+b L [bi—dac _ g b* —4ac g= (17) (2)(2) ()(l)l WO .1
—=x & . substitute the valies 2
2a 4a 4a° ' xuobe 6’/}' !
b, b’ —4ac _\-=1”_i._ 401 ikl »
= y=——t———
. | W,
~ xisabout-9.3 or 0. ‘-
—b++/b* -4 . ) 2 ;
= x= _E:_zli_iE Which is the required quadratic formula. I'he negative value of ¥ make no sense., so the answer is:
f = 0.8 cm (approx.)
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. Unit 1 Quadratic Equations

' Exgrc:_se 1.

g equations by factorization.
(i) (x-3)=4

i) 2+ 3E-10=0 V). 67 = 13x+5=0

(v). ‘3/(5?1- 1)= 4(x45$ 1y (Vi) x(3x - 5) = (x - 6)x—7)
’. Solve gach of the following equations by completing the square.
(i), ¥*—10x+11=0
(iv). 5x*—10x—840=0
(vi). (x— 1)(x+3) = 5(x +2)-3

1. Solve each of the fol

(p( x+6x—40=
K,.(iii). 4 +12x=0
L) o —6x + -g-\.% 0

Solve each of the following equations by quadratic formula.

(i), ¥-8x+15=0 (i) ¥*—2x—-4=0
(i), 4% +3x=0 (). 3x(x=2)+1=0
’ e %
(v). i +12=0 (A, e o Mg 2
6x* —17x+ 1 e
< Find all solutions to the following equations
(i) A=8t+7=0 (iin. 72+6x=x

(iti). A+4r+1=0 (V). x(x+10)=10(-10-x)

5. The equation (y + 13)(y +a) has no linear térm. Find value ofa.
The equation ax’ + 5x =3 has x = las a solution. What is the other solution?
What is the positive difference of the roots of ¥~ 7x—9=0?

AYRIENE ,Jﬁ.——"—""'_h

Verify the answers of Exercise 1.1 by using an online calculator.

!#____H_.___,___ W = WA\ | -. TP ihaiias .. =

Solve the‘following qu'adratic equation x*-8x+15=0 by

(i) Factorization (ii) Completing square

Verify the answerby using an online calculator.,

o4 T S A e TN e Py e e :
[£59 N e T P e S R

Unit 1 Quadratic Equations ‘ | . |

ERE Solution of equations reduci

ble to quadrati
The followi typ : a atic form
ofth I types of equations can be reduced to the i
any of the method leamt aboye, qQuadratic form and can be solved by

Type

Equation of the form ay* bx?+ ¢ =0.

17 Solve 12x* <115 42 =0

Solution By makin ituti 3
g substitution y = x2 the equation becomes

12y" = 11y + 2 = 0, which

- 1) is a : P o
factorization, quadratic equation in terms of » and can be solved by

- Gr-2)@y-1)=0
y-2=00rdp-1=9

Polynomial of
degree four is

2
= V== or y=—;—

3 called biguadratic. |
To find x, use the fact that y=x? therefore, s i 'quadratic, r}
I 2 . L1 § -
1225 or Pl %
2
= x=% |- orx=+ 1
3 4
1

The given equation 12x* ~11x*+2 = 0 has four solutions.

Thus the solution set is {i \/g £ l}
3002

Type Equation of the form a p(x)+ oL &
; ' p(x)
Solve 2x+—=9
- i
Solution
4
2x+—=9
x

Multiplying both sides by x, we get
x(z.l‘ + EJ =9x
X .

= 2 +4=9% _ _
a -A.ﬁ.ﬁﬂ‘ﬂ%b\:ﬂgl ‘SZCﬁ Mathemaies N g

a8 T T |
1



2x% = 9x+ 4=0
ation in x and can be solved

(2x-1)(x—4)=0

x:l or x=4
2

T . )
the solution set 18 {5, 4}.

= o
by factorization

which is a quadratic equ

="

’ 1
Hence the solutions are 5 4 and

1,-.;, ﬂ{—ﬂ Slex#1+x+3~1—§
il e i3 =1 8 WARNING @-—-«-—-’-—”“‘”*g
Solution When you perform a substitutmni
i : of variable, you must remember
x-1 x+3_13 ;
=T : to go back and to express thej
w43 %=1 8 answers in terms of the original}
%=1 1_x43 variable ]
Let y=—7.Then —=—"2 | S |
x+ S
1 13

Therefore, the given equation reduces to Y + ; 5=

Multiplying both sides by 6y, we get

6y*-13y+6=0> which is a quadratic equation in terms of x and can be solved

by factoring as follows:
: (2y-3)3y-2)=0
— 2y-3=0 or 3y—2=0

; 2
= y=— or y=—
T2 =
If _}’——,the _———X-_I:E.
pJ x+3 2
= 2x-2=3%+9
—] x=-11
lf x:%,then_'ﬂzg
3 x+3 3
= Ix=3=2x+6
= X:9

Thus the solution set is {~11 9}

S

Unit | Quadratic Equations .

Type |

Reci i
Ciprocal equation of the form: a x? 4.1 l
4 X +;5]+b[x+-J+c=0

B solve the following equations ;

@ z[xui}g[ ! :
xz x+._)+14._.0 ﬁ. ( 1
. ) 8| x*+—
' £ TN +x2)_42(x‘%J+29=0

[ Example

_ Solution

(i) The given equation is 2(::2 s, 1
I 2 —9[x+;)+14=0

Let x+l =
X

¥, square both sj 2,1
1des x +‘—?+2=y‘201' xz..}._l_.— 2
x xz—y -2

Therefore, the given equation reduces as foll
2(¥°-2)-9y+14=¢ .
| = 2y'-4-9y+14=9
or 2" -9y +10=0
The equation can be factorized
S @Qy-5)y-2)=0

y:é
2 or y=2
5
N ==
|
= x+l:_5_ = x+—=2
x 2 3 X
= 2x2+2:5x - x+1=2x
or 2%’ —4x—x+2=0 =  X-2r+1=0
= 2’ -4x-x+2=0 = (-1'=0
= 2x(x-2)-1(x-2)=0 r=11
= (x=2)2x-1)=0

. : : 1
Given x=2 or I=;'

Hence the solutions are 2, —;- 1 and 1. The solution setis {2_. % 1}.




(ii) The given equation is 8(

X

Therefore, the given equation reduces to
80 +2)-42y+29=0 £
8y +16—-42y+29=0 -
8y’ —42y+45=0

1
1 1 =2 =
[x,_; =y2:>x +x2 2

1 o
& +-—£—}—42(x—-—-}+29 =

" Unit 1 Quadratic Equations

=
Cor 8y —42y+30y+45=0 N
Yo aey-3)-152y-3)=0
= - (2y-3)4y- 15)=0.
‘=  2p-3=0or 4y-15=0
e Ao 15
give y=5 or y.=z-
. ) P ; 3 _1_5-
' IN'ow ,y:—z- and g |
I 15
1.4 5 el
= e e x
xz—xl 3 xz—l:}_S
x =5 x 4
or  2(x*-1)=3x - or  4(x*=1)=15x
=  2x*-3x-2=0 = _4x’-15x-4=0
(x—2)(2x+1)=0 (x=4)(4x+1)=0 B
(x=2)=0 or (2x+1)=0 x—4) =0 (4x+11)—0
1 : My
x=2 C_'f x="—2* x=4 ‘or x= 4

‘ . ' ; ; -1 -1
- Hence the required solution set is 2, {2, = 4, -I}

- Mathematics X
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Type

Solution
OO [ 07 T
We may write the given equation as
4(2Y -1027 1 4 =g
= . The above €quation reduces to
4y’ ~10y+4 =g
= 2y'=5p42-¢
. 7 @)p-2)=0
= 1 2y=-1=0 o y=2=0

Let 2%

(Taking 2 common)

(Factorizi 12)

; 1
gives y:—z- or y=2
= 21’ 1 ' 2.1' 2
iy [2) =
2 .
= 2=27 o 2=
=  x=-1 or x=1

. Thus the solution set is {113

: = { One-to-One Property o
@ Solve the equation 22** 4+ 2% = 1 P

|
|
] :

.f[ Exponential Functions
Solution - |
L9t~ 10 ' Ifb" =p™
= 22 2rTi10=0 * then n=m J
Let 2" =y.Then 27 =£ L —a s
The above equation reduces to .

Ayt it
y

taking 2 commen

= 4y’ -10y+4=0

= 2y*-5+2=0



Unit 1 Quadratic Equations

= (2)’—1)())—2.)--0 factorizing

= 2y-1=0 or y-2=0 :
= y.—.—-}z- or y=2 i

= ‘zx:l 0." 2x=2 {

= 25= 971 or 2= 4
= x=-1 or x=1

Thus the solution set is {—1,1} :

Type . Equations of the form (x+a)(x so)(x+0)(x+d)=k

where a+b=c+d
i Examiple [B Solve (x+l](x+3)(x—2)(x—4

1+(=2)=3+(-4)
the left side of the given equation, We have

)=24

_ Solution  As
So re-arranging the factors on

[(x+1)(x—z)] [(x+3)(x—4)]=24

= (x’—x—z)(xl-x-m)—zct:o
Let x*—x =y .The above equation becomes 7% .:’
(y_—2){y—12)—24=0 ®
o yA-ldy+24-24=0 : !
-  y-14y=0 ;
= y{y-—l4)=0
= y=0 or y=14 A
If y=0,then x’—x=0 !
= x(x-1)=0
gives x=0or ¢=1.1f y=14, then x’ —x=14
= x*-x-14=0 _
2
o —(—1)¢J(—1) ~4(1)(-14) =liﬁ,5'6 a5 1457 1-57
20 8. B ¥
Thus the solution set is {O, l,lii@, 1___5@}

- ) i\ {' 3T ;tjf‘?izra;j;ﬁ;""ﬂ“—" =
| e o ek dratic | TR e
) adreric Equotions - -

; 92..-
e
~ Exerelse 1.2

I.
Solve the following equations
( i ). r-l 2 \
X =5x"+ 4=
25 (i) #-7x2+12=0

(i11). 6x4__]‘3x2 +5:0

(vii). 3] 42 i 1 L

_ N (x +IEJ-16(J¢+;)+26=0 (viii). (x«rlJz 10[ 1
~| =10{ x+—|+16=0
2 o(x+)

{i:-:‘}_ (x2+_1_.]_ 1 '
= x‘,;]"4=0 (x).

(X1). v
(X1 3.32 |_10.3I+|=0

3¥*-103"+9=0

{xii) .
sl Y
ST =126

(xdii). (% 1 I
F A I+ D) (S (v -Tr- 343 (XIV) (y 21}
] Sty =0

e : =2y + 3 xr+4)21=0
OV (x4 1) (x+3)(x+5)(x+7)+16=0

2. Sglve the cquati.on- Fox -2 420 +1=0

EMath Fan s

Take any igi ;
e any four digit number, follow these steps, and you'll end up with 6174

I. Choose 54
a four digit numb o .
diits), g er (the only condition is that it has at least two different

12, . : E 353 ' i

i Arran g,-..'the digits of the four digit number in descending then ascending order.
3. Subtract the smaller number from the bigger one.

, 4. Repeat.

Eventually you'll end up at 6174, which is known as K :
) : aprekar's constant. If you th
~ repeat the process you'll just keep getting 6174 overand overagain. e

= M_aﬂ»m_aiicsx -
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m Radical equations
An equation in which the variable app

cyualion

For example,

Jx+2=3, J2x+3=2x+5, Jx+5=+2x-1, 3

To solve radical equations, we transform the given equation into

an equation that contains no radicals by squaring it.

A solution of the transformed equation that do
xtraneous

original radical equation iscalledane

ears in one Of more ra

J +x+1= 7 are radical equations. ‘.

ot satisfy the
solution.

Unit 1 Quadratic Equations

dicands_is called 2 radical "

Check all roots (solutions)
of the transfo rmed
equation in the original
equation t0 exclude
extraneous roofs.

Unit 1" Quadratic Equations .
Type ..-p' J J - . ‘
I Exam 1' - Equation of the form x+a + x+b= | . |
Ple [ Solve Vx72 4/ Y B
Soluti \\QL iy
on -
VX+2+4x+7=Jx+23

Squaring both sides, we get
E}'x-{»Z + Jx+‘?)2 = (\-‘x-i- 23)2

X+2+x+74+20x+2-Jx+7 =x+23
= 2x+942x+42 x+ T =x+23

‘Type ‘fi’_@k_ Equation of the form Jax+b=cx+d

. Example [fE] Solve v27-3x =x -3

~ Solution

N2T=3x=x-3 ; oL fis) :
(J27-3x] =(x-—3)2 | We can get rid of a square

Squaring both sides, we get o] ;
g | rootby squaring. -
27-3x=x"—6x+9 '-

0=x" -—6x+9—_2?+3x'

=
or x:=3x=18=0
(x-ﬁ}.{x+3}=0 factorizing
= x-6=0 or x+3=0"
gives x=6 or x=-3

Now it is necessary to check the solutions in the original equation,

J27-3x=x-3
£ x=6,then 27-3x=x-3
J21-3(6)=6-3
J27-18=3 | | J27+9=-6
% | et

6=—6 (false)

If ~x=-3, then JT-3x=x-3

~)

=3 (true)
On checking, we find that x=-3 is an extraneous root.
Thus the solution set is {6}.

J271-3(-3)=-3-3

L = 2,/(x+2_)(x‘+7}=14;x
quaring both sides again, we get '
4(x+2)(x+7)=(14-x)
4(x” +9x+14) =196 —28x + 12
4x* +36x+56=196 — 28x + x*
Ay? '
4x2_“12+36x+28x+56~196=0 (5
3x2+64x—140=0 "‘ﬁ C8
3x% - 6x +70x — 140 =0 Nt

|

3x(x—2)+70(xh2):0 <5 \ I."i
(x=2)(3x+70)=0 Q'\ %j

. x=2=0 or 3x+70=0 . 7\‘-,.«_-
70 /N /\

x=2 or x==— —

O T VA VA T

On checking, we find that B is an extraneous. t.
m -

" Thus the solution set is {2
WARNING il

' . rf o gy = . - . = =
oucan pe orm addltl{}n Only lth ld n l l‘ad Addl g unhke Iad[cﬂ]s
W entica lC:ll fOImS. n
15 one Ot the most common mistakES lnade b\" s“’de'nls n algebla- HO“ can ml‘y

veri
it J9 +V16=3+4=7
Jo+16=425=5




_ Unit 1 Quadratic Equutluns

-
e ey & i~ %o
: X +pr+m+ X" +p.f+l!-*

ype m, Equation of the form

i Example §E}
Solve the equation \J'\— +3r+5+m—2
Solutiuu j

\.-‘x +3\1-5+\J'\ +3x+1=

The given equation can be written as

e —

) 8 Ayt 1

‘Squaring both sides. we get
2 43x+5=4+x +3x+1- 2(2)Vx +3x+1

243x+5=x +3:;:+5-—4Jx2 +3x+1

=
= 0=—4vx’ +3x+l1
- S +3x+1=0 squaring both sides
=  x43x+1=0 /
o o N 4mam
2(D
-3+49-4

Beautlful Number Rclatwnshlps

135=1'+3+5
175=1'474+%5

518=S5" g - TE N

- 598=5' 9 +8’

Unit 1 Quadraric Equations ﬁ: I

: '&E{ercise 13 .3

1. Solve the following equations.

(I) m=x+3

(ifi). VAx+5=2x=5 (i), V2Zxr—l=x-2

. . r (iv). m=2x+3
V). V5+T+Jx+2 =\ox713 R S W

(vii). Vx+40—x+21 = Jx75 (viii), V2¥=3+V2x+4=Jox+13
(ix). V*2 +2x+4+\/x +2x+9=5 (x). V2 4354542 +3x 4 1=2
2 Flnd2x+5:fx satisfies V40 —9x 247 —x =/—x :

1 At the end 3
: of each question, four circles are given. Fill in the correct circle onl
(i). If(x+ 1)(x~5) =0, then the solutions are 4

O *f5 D x=15 O x=-1,-5 O x=-L,5
(1). lth’z—Jcr—l=0,thenx=
-1£4/5
o= o -11% - _117\]3 o 1P

o TS
(iii). o in simplified form is

O 1x+424 O 1+J6 O 26 O cannot be simplified
(in). Toapply the quadratic formula to2x’-x=3 3

O a=2,b==l,c=3 © O a=2b=lc=

O a=2,b=<1,c=-3 O a=2,b=-1,c=0
(v). If x* — 3x — 4 = 0, then the solutions are

O x=4,-1 O t= 4,1 01—41 O x=-4,-1
(vi). Ifz\ +4x — 9 =0, the solutions are

2% 2 vz
0 x= 2*{ o =222 ‘/— e 2 -'““%

hl l .
. x? ——==0, the solution ar¢
(vin). r 4 (] l.

| ‘ |
f=+ — O x=%1-—
h iz \ y



- Unit 1 Quadratic Equations

; —18=0?
(viii). What are the solutions of the equanonxz- +7x x
O 20r-9 O —20r9 O —2or-

. x2_-
(ix). Which of the following values of x are roots of the egl:ﬂlon
O x=lorx=-7 Ox=20rx:5
O x=2o0rx=4 . O x=30rx=
. Solve 2w' — 5w’ +2=0. .
3. Find the constants a and b such that x = -1 and X

ax’ +bx+2=0.
4. Find all values of x such that x* +5x+ 6 and x* +19x+ 34 are equal.

O 2o0r9
8x+15=07

|1

=1 are both solutions to the equation

Challenge ' .

5. Findthe solutions to the equation: 49x'—316x+13
Ifyou can factorize this successfully, you have prob

2=0 .
ably mastered the art of factorizing.

tes which solve quadratic equations. Which site do you think is

-

Find some internet si
betterand why?

ion x* + 5x—2 = 0 by completing the square,
shown below, did she make the

L Activity % JMRAS =
Juwaria tried to solve the quadratic equat :
but she made a mistake. In which line of her working,

mistake?

¥ +5x—2=0 |
[Line 1]=> x"+5x =2 C
[Line 2] => x"+5x + 512y =2+(5/2 ; o ‘\ O
[Line 3] = (x+5/2)'= 2+ 10/4 \e\ %ﬁ

 [Line 4] = (x+5/2)' = 18/4 - 7
[Line 5]1=> (x +5/2) = +V(18/4) = +(V18)/(V4 ) = 41812
[Line 6] = x=+V18/2-5/2 , { ) \
[Line 7] =>x=- 4.62 or — 0.38 to 2 decimal places. :

e

g OTRRORISAER

Unit 1 Quadratic Equations

@ The followin

pics related to quadratié cqﬁations.

Conce :
{ um-(,pi -——————__F‘_".Ll“fj"'-”' P
_ A quadratic equati zero,
Quadratic ax’ +bx +0 ”_0' where a, b, and ¢ are one, or two real st;‘lj:tmmrnm o
equation constants with a 0, =-5  Noreal soiutions
(x-2F=0 One real solution
e ] £-4=0  Two real soluti
Factorizing |  Ymbolic technique for solving e
“ | €quations, based on the zero-product A=k 2=
property: ifab =0, then cithera=0or | ¢~ 1{x-2)=0
b=0, ’ x=1=0 oor x-2=0
Square root Sp— —

The solutions to x? =k are x =t J.i‘_,

property | where k>0.

x?=9is equivalent tox =23,
Pl epwlenss: sagii

Tosolve x* + ke =d symbolically,
2 1

Completing k!
add (5] to each side to obtain to

the square

2-6x=1
.1'2_6,\-+9=l+9 (:Z—EJ,,Q

x2-6x+9=1+9

perfect square trinomial, Then apply (x— 3)2 =10
the square root property. £=3maifia
= x=3+/i0
-The solutions to ac® + bx +c =0 Tosolve 2x* ~ r —4=0,leta=2,
Quadrati are given by b=-l,ande=-4.
wadgratic ‘ Iy
furmula =0 b’ —4ac re ENEVHY — 42
: = )
‘Always gives the exact solutions. | _ 1433

—=169.-L19
4

‘©' The following table outlines important conce

pts in this section.

The solutions to a = b are among the

::(1;.::""‘ solutions to a” = b" when n is a positive
integer. Check your results.
equations B yo

Solve ¥+ 3=x

Ue+3=r  Square cach able.
X =2x-3 =0 Rewnte equations !
x=-1lor x=3 Factor and adobe. {

Checking reveals that 3 is the only
solution.

' Coefficient of ¥x¢

Tho comypliste {he squars of @ quadiratic equatim !
AddandSubtrac?t' -

-

rt
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Define discriminant (b 4ac) of the quadratic expression ax’ +bx+c.
Find discriminant of a given quadratic equation.
Discuss the nature of roots of a quadratic equation thro
Determine the nature of roots of a given quadratic equat
equation.

Determine the value of an unknown involved in a given quadrati
its Toots is given. )
Find cube roots of unity.
Recognize complex cube roots of unity as @ and .
Prove the properties of cube roots of unity. S
Use properties of cube roots of unity to solve appropriate problems.
Find the relation between the roots and the coefficients of a quadratic equation.
Find the sum and product of roots of a given quadratic equation without solving it.
Find the value(s) of unknown(s) involved in a given quadratic cquation when fo,
o sumofroots is cqual to a multiple of the product of Toots,
" sum of the squares of roos is equal to a given number,
o roots differ by a given number,
o roofs satisfy a given relation (e.g. the relation 2at 5p =7 where a and f3 arc the roots
of given equation), _
"o both sum and product of roots are equal to a given number.

@ Define symmetric functions of roots‘ofa quadratic equation.
@ Evaluate a symmetric function of the roots of a quadratic equation in terms of its cocfficients.

@ Establish the formula, >

N\

ugh discriminant. _
ion and verify the result by solving the

+ — (Sum of roots )x+ (Product of roots) = 0,to find a quadratic equation from the given roots.

@ Form the quadratic equation whose roots, for example, are of the type:
o 2a+1,2B+1, &

o B
11

o] oy
a B

0 p‘a‘

Nisthonsatics’

¢ equation when the nature of

« Uni i ; » " o
it 2 Thegr ) of quiiratie €quotions T - - . .' 2 1
o u+fy, ~]- $ 1 . f :
@B’ . 3
2 roots of a given quadratic equation,
; of synthetic diyis; ‘
@ Use synthetic division 1o R
- o find quotieﬁ: and remain e ded I '
remainder wh, i alis divided by alincar polynom
o e enagiven polynomial is divi i i
il \":::Ilf: :: :::' untnu wn(s)ifthe zeros ofa pol ynom?;r;iee‘;?\?czlmmrp‘)lymmml'
’ j Aets)ofunknown(s) ifthe f; g i iver
.0 solveac g ¢ factors of'a poly arc g
A ;: ; :nb l;: gqutmon i fqnc rootof the equation il; gi} :::mﬂ' Pl
e quadratic (‘quamc) cquation iftwo of the real ro‘ms ofthe ti
) ystem D.f twq €quations in two variables wiwn A givm
o one equatlt_)n is linear and the other is quadratic h..
5 o both the equations are quadratic, .
> Solve the real life problems leading to quadratic equations

mportant!|

The dicodle: ; e
-.r(dfli.a‘-j,i?frf;ﬁl'ﬁi mbm”b You the number and types of answers (roots) you will
| aradical, thiflk gb:t;:\:ﬁ:: 3 :‘t']h":h actually tells you a lot! Since the disgﬁmin:mtgi: :n:?eg"
i@e R . eans if you have a positive or negative number or 0 under

e ——
———e

?X:l The discriminant of a quadratic equation
n the quadratic formula, th ssion b® —4dac, is i R of e e e
bl ey ¢ expression b’ — dac, is called the discriminant of the quadratic
The value of the discriminant i i .

_ Criminant is used to determine the number of soluti i
t:ﬂl].la]ll?.ll I;lnd numbcr_ ofx intercepts of the graph of the related function. A:r:si:t{f.:a qu?ﬂﬁﬂc
graphisthe.v—coordinate of a point where the graph crosses the.v - axis j - ;

R —

Cases Case (i) ' _(.m (ii) Case (i_ii)
Discriminant b’ —dac>0 b’ -dac=0 b*-4ac<0 :
Nature of roots | The roots are unequal The root are The roots are une;]ual

and real. Roots are ts are

rational if b-4ac is equal. and imaginary.
perfect square -

otherwisc they are
irrational.




rilying nature of roots.

|i8  Determine the nature of roots of the following ex';uations and verify the

quadratic equations

Unit 2 Theory of Unit 2 Theory of Quadratic e§uations

|
I ' F;xamg_;ie fﬁ ;

2
; i +
Find discriminant of the quadratic equation X

Bty Determining and ve

' p Example
9x+2 = 0.

k - i - . 'i
EEEJ! Nature of roots of a quadratic cquation thrd

Solution ad +bx+e= 0, we have

Comparing the coofficient £ +9x+2=0with
a=1,b=9,¢=2

-g-18=173
Discriminant = b’_ _4ac =(9)" -4()(2) 8

1rh diseriminant

Example iﬂ .
i i ns.
Examine the nature of the roots of the following quadratic equatzq

i F+9x+2=0
(i) x:—-8x+16=0 (iiy x +9x

iv 24x+1=0
(i) 6x:—x-15=0 (iv) 4x_ % |

Solution

(ij  Comparing x —8x+16=0 with ax? +bx +¢ =0, we have
a=1,b=-8,c=16. 5. y
Discriminant =b? —4ac=(-8)" ~4(1)(16) =64 — 64 =0

' iven i tional) and
Since discriminant = 0, therefore, the roots'of the given equation are real (ra ) ‘

equal.
(ii) In x* +9x+ 2,we have,
Here a=1,b=9,c=2 X s
Discriminant =b? —4ac=(9) -4(1)(2)=81-8= 73
Since discriminant >0, but nota perfect square, therefore_,l

irrational. 1 2
(iiiy  Here a=6,b=-1,c=- . A ,
Discriminant =b? —4ac=(-1)" -4 (6)(- 15)=1+360=361= {1'9) |
As the discriminant is a perfect square, therefore, the roots are real, unequal and rational.
(iv) Here a=4,b=l,c=1 Y
Discriminant =b* —4ac =(1)"=4(4)(1)
=1-16
=-15 - .
As the discriminant is negative, therefore, the roots are imaginary and unequal.

y

the roots are real, unequal and -

results by solving them by factorization.

(i) X¥*~6x+9=0 (i) P+5x+6=0

Solution
I

(i) *¥-6x+9=0
Here a =1,b=-6, c=9. The discriminant is given by
_ b* —dac =(-6)" -4(1)(9) =36-36=0
Since the discriminant is zero, the roots are real and equal,
' ¥ —6x+9=0
(x=3)(x-3)=0
_ x=3,3
Which are real and equal. Hence the result is verified.
(i)  x*+5x+6 =0 .
Here a=1,b=5, ¢ = 6. The discriminant is given by
_ . b'—dac=(5)"- 4(1)(6) =25-24=1=(1)’
Since the discriminant is a perfect square, the roots are unequal and rational.
¥ 45x+6=0
(ITI-Z)(x+3) =0
_ cx=-2and x=-3
Which are real, unequal and rational. Hence the result is verified.
Example, Without solving, determine the nature of the roots of the quadratic equation.
3¢ —4x+6=0. _
Solution  We evaluate b’ — 4ac usinga=3,b=-4,and c =6:
 b-dac=(-4)Y-4(3)(6)= 16 -72= 56
The discriminant is negative, so the equation has two complex roots.

Example |fj,;5f Without solving, determine the nature of the roots of the equation.

27— Tx=-1
Solution  We rewrite the equation in the standard form
2X°-Tx+1=0

and then substitute a=2, b=—=7, and ¢ = 1 in the discriminant. Thus,
b dac = (=7) - 4(2)(1) =49 -8 =41

The discriminant is positive and is not a perfect square; thus, the roots

are real, unequal, and irrational. -

e "iﬁﬂ'ﬁFOR‘ESfﬁ‘IﬂE;& Ml rastics \

A

B
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I‘ I ature ol routs.
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uadratic equations

|
i
g 1
i !

aown M
. { an unknoM
Determining and verifying the value ® which the givend
Example ﬁ Determine the set of values of & for 3
have real roots.
() fo+4x+1=0 (i)
Solution c _
() - Comparing k¢’ +4x+1=0 witht
ax® +bx +¢=0, we have
a=k,b=4,c=l
Discriminant = b* —4ac -
=4 -4k ]
Since roots are real, so b‘—ﬁlacz 0
? = 4 -4k >0
=5 16-4k=0
= 162> 4k .
= 4>k y
or k<4

2x2 +b’+3 =0

he quudratic equation

(.:] Comparing 2x* + kx +3=0 with the quadratic equation
n
ax® + bx+c¢=0, we have _ >
a=2, b=k, c=3

Since roots are real, so b —4ac20

=  K-42)3)20

Discriminant =b° —4ac =k’ —4(2)(3)20

= k*-2420 .

ar. K >24
Ji =24 -_
lk |2 2J6 PR
+k>26 '
k226, - k= 26
k22J6 o k<-26

'

Unit-2 Theory of quadratic equétion_s

W
v Suaell

1.Find the discriminant of the following quadratic equations:
(1. ¥ —41_”1 =) (). 4x? 5541 =0 (). X 4x+1=0
= " =
2.Examine the nature of the roots of the following cquations:

(D) 3% =5x4+1=0 (1) 6x?4x=2=0 (i) 352 4 254 1=0
300 whin al -

e ef 4 the roots of the follow ing equations are equal,
s () ¥ bk +9=0 W 124 4 k4 3=0 (1) x* ~5x+k=0
4.Determine whether the following quadratic equations have real roots and if so,
find the roots: ¢
(. x?4+5x45=0 (D 43 41244 9=0 Ui 6x* 4 x-2=0
5.Determine the nature of roots of the following quadratic equations and verify -
the results by solving them.
(i) 3¢ -10r43=0 (). ¥ ~6x+4=0
0. For what viilue of & the roots of the following equations are:
far b fon (h) imaginar

(). 2" 4354 k=0

:1ii1,:3_3=0

() fox 2y 41 =0 (). 5" £ 504 £k =0

'

1x8+1=19

; le 8+2:“
123 % 84+ 3= 987
o 1234 x 84+ 4= 9!

12343 x 8+ 5=19
123456 x 84+ 6=19
1234367 x 8+ 7=19

12345678 x 8+ 8= 9%
123456789 x 84+ 9=19




i uations ) .
y of quadratlc eq . . Unit 2 Theory of quadratic equations . . .

. ] Unit 2 Theor
' . - ties r.:.-Z.-’E Properties of the cube roots ol unity
b . rte: 1 The suni of the cube r unity is zero i Y T
(helrprﬂpc ) ¢ cube roots of unity is zero ie. 1+ o+ = 0.
- Cube roots of unity and : :
: Ifm~_____l+f‘/§' i -1-i\/3 o
[P Cube root of unity S and o’ = 5
Let x be a cube root of um!):. _ (Qj Then we have 1+o +m? =1 __1 ‘;'Jj " zleiyd ':‘E
! _ " 3
then x=¥1=(1) s .
SRR ; ' _2-1+if3-1-iVf3
5 Jo gl i 5
= =D +r+1) 0 2 . 0
i 1= _
‘ = x=1=0 or XX+ 7 -—lihﬁ” 2
| S e *‘*r -0
[ gives x=1 or X= 2 = ¢ Thus, the sum of the cube roots of unity is zero,

! Ly ’.:J__I:”:z =3 Jg 2. The P‘"“]l!tt:/tlftlm cube roots ui'\/lmi!_\ is e Loy =em' =1
— if o= TGN R T

2 2

(—I+EJ§\(—1_,'J§}

_l-H"\(- \/_ are complex roots. then ].wlm:l:]‘t ; JL :
Here 1 is the real root and = 2 | |

Thus the cube roots of unity are

a). 3. e .
. Let one of the complex roots be denoted by the Greek letter o (read as omega) : (=1 =(i¥3) 1
| : _ : -
m=_l 43 : _1-(=3) i
t Suppose 2 pe . | — ¢ =-1) ‘
o 2
, (143 _143
{ Then Lt e 4
|i _4
2 2 s | .“.' T
| (-1 +(i3) +2(-D(i"B) K
i ) & Thus, the product of the cube roots of unity is 1. :
!. | 1—3‘2"*5 3. Each complex cube root of unity is reciprocal of the other e w= v and » = =
I T4 By property 2, we have w' =1.
|i ’ : : i = ww=l
| ; =-2-2fJ§.=—1—:J_3 oA “.=L3
i ¢ : | | i 1 1
it i : | ] et
wlmhilS ) =143 | > wes Thus, w=— and w* =~
| Similarly, if 0 =——>—"> then @" = 2




x+w’r)

1 ‘ Show that x* +)° =(x+1)(x* i)
i : . . 2
. Solution ¢ RH.S =(x+y)(x +‘uy}{x +w'y) ] ; 2
\ A : Wi . =(x+y)[(x+wy)(x+l‘/zy) i ]
[} & ' ) e R
I 1 =(x+y) X (e )xy ] )
% Vi) [2 Gl PP
. d : =(x+y)(x —{fy+y) .
|“ - =x'+1 '
iR =LHS &
I : ' 0w W
;!! 4 xample lm Evaluate WIS’ WH, wW’ Wl W .
1l W= (W) =) =1 ,
i w = (W) =) =1 ‘
lE qu=(w3)30=(|)3n =\13 2 33 2—-[--1,3=l|..3
iﬂ-l “'II.'II - w?‘? .“;2 = (“r‘) W= (] W= ¥ .
! 2 " (hv property 31) L% T 2
[ . W =—=
i i “I e W Vi 7
| It NONE | SUNCNEN - ; = -
!l 4 j"" = :‘T'.' = ‘-‘_l'.‘ oW {'.l': )‘ o { n o I i
i : : 4 3_
)! . Example gShowthat'(—l+i)/§) +(-1-i3)=16
. ; Aeif3 . s oI-INE
. Solution  Since.-w = -————— and 5
- Then 2w=~—1+iy3 and 2P ==1—if3
By 7 ] e
£ LHS=(=1+i43) +{-1-1\B)
k : 7 I ; = (2w) +(2w)
i. I = 8w +8u"
3 =8 +8(w')
4 =8(1) +8(1)°
? ; ‘ ' i -=8+8 '
Bl - 3
i —RHS

3 o r e : blems
H. Lo B - to solve pro
S Using properties of cube roots of umity to.

and w' =1)

/s

Ty

A

¥

Unit 2 TI{M@N

1. Finf:l the cube roots of the following numbers.
(i). =1 (ii). 8
2. Evaluate:

(). W+ gy (i) (1+w-w?y (iii). (1+3w-w’)(1;wl§M
3. Prove that: it

- A+ 201+ 20 ) 1= w=w?) =6 (ii). (~1+i43)" (1-y3)’ = 51207 © \\;} i

4. Show that:
(i) x*—y* =(x=p)(x-wy)(x-wPy) (ii). (l+w)(l+u!2)(l+w‘)(l+ws}:f;I
9451 Roots and coefficients of a quadratic equation %

f
PO

(iii). =27

el

Trrg ¥
Ta

2.l Relation between the roots and the co-efficient of a quadratic cquatil:o;ﬁ'

We express the sum and the product of the roots of the quadratic equation in terms of its
co-efficient. Let at, B be the roots of the quadratic equationax” +bx+c=0; a#0 where

 BeilP—tge f L
2a

b T <t

oy —b+~/b* —4ac
2a

Then sum of the roots

and f

aifs —b++/b* —4ac +—-b—v‘bz —4ac
& 2a 2a
_=b+b—4ac — b5 —4ac

2a

-2b_-b
"2 a
and product of the roots

—b++b* —4dac —bh—~Jb* —dac
af= [ 2a ][ 2a ]
(-b) ~(Vb? ~4ac)
. B &
b —b* +4dac L
4q* a
i 2 co—efficient of x
Thus sum of the roots = a+p= i i co—efficient of x*
¢ constant term
Product of the roots = af = @ co—efficient of x*




Unit 2 Theory of quadratic equations

. - - ' ati tion without
— uadr‘ﬂlc equa
ots of a gncn q

The sum ant

solving it
| Example (10] uation.
3 .W_ith-o;n Sc;lving, find the sum and productof the roots oftheed ;
® oy —3x—4=0 (ii) 3yt +6x-27
Solution . ' S
) = —-3and¢C
(i) In the equation gyt ~3x—-4=0 27 2,b
' 5 9.2
Sum othe roots =-;— =e——i-— 5
the roots = °= Ifi =2
Product of the 100 s = =
Gy 3P+6x-2=0
Here a=3,b: 6, c—_—_...2
-b —6
Qum of the roots === ==
q: | D
i, a3 2

P t of the roots =—=

‘ roduc == 3
EEEE The values of unknown(s) involved in a given qu
+ Example 1.

Find the value of k s that the
to three times the product of its roots.

adratic equation

sum of the roots of the equation 2x°+ kox + 6= 0 is equal

Solution

The given equation is
25 +lx+6=0

Here a=2,b=k c=6
- sum of the roots =:ll=_£
a 2

product of the roots = N\ 3 2
g 2

-+ sum of the roots = three times the product of roots

=

I Example {5

Unit 2 Theory

of quadratic equations

Find the valu
eofai
_ Solution L.:'lf[he sum of the square of the roots of x* ~3ax+4* =0
- ion_ o, B be the roots of the equation x* —3ax + o el §
(-3a) 3 Sl
2

then o
a+p=- =3a and ap="-=g4
1 ;

Given C&l+ﬁ2 -7
(3a)’ ~2(a*)=7
gal _202 :? ﬁ A
7a2;j'? Uy
a* =1
a=t]

bU4u Uy u

I Example &} Fi
R E Find the value of kif the roots of x* —7x+k =0 di
olution Let o, o +1 be the roots of x> —7x+k=0 =0 differ by unity.

Then a+(a+l)=_(1_7) : and k
ala+l)=—=k
or 2a+1=7 a 1
or =3 = 3(1+3)=k
= k=12

[t Example ¥/
ple [T] If «, B are the roots of 9x* —27x+k =0, find the value of
v alue of & such that i

200+56="1.
Soluti
olution | If &, B are the roots of 9x* —27x+k =0, then

' a+{3=2_7=3 (i)

(it)

also 2004+ 5p="7 (iii)

Solving (i) and (iii), we get & =§_ [3=%

and ap=

wolm g

Putting these values in (ii) we obtain [g)@ 2
s |
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heory of quadratic equations

Unit 2 T
: and product of roots of the quadratic
ifboth 8
it Example [[F3 Find the value of 7 and 7 if b0 i & | ‘.
e 0. .
equation mx* —5x+n=0 ar equal .t° :nf gt % |
“Solution "+ The given cquation® ad +bx+ec=01 :
m of the r00ts = 77 ' b %
Here su :f: Sum of Roots = 7 : %
and product of the roots = product of ROOIS = E
‘According to given condition Where a s 0 _ \
5 R
2 w0 =" !‘ﬂl &
= m=>
n :
—=10
and m
= ]0 m
n l 1}
R
= 10(5] 3 2
n=>5
m= -l— and n= 5.
2

+ Exercise23

. 3 the following
1. Without solving the equation, find the sum and products of the roots of

quadratic equations.

(i) 3+ 2% —5=0
C (i) 4x*-4x-3=0

i, 2 5 +6 =0 ;
(ii). 2x° +5x product of its roots.

of 2% +hx +6 =015 equal to the

" 2. Find the value of k if sum of the roots ' : S
3. Find the value of  if the sum of the square of the roots of X —Sk!.’+_6k =01seq
4. Find the value of k if the roots of  —5x+k =0 differ by unity.
5. Find the value of k if the roots of  —9x+k+2=0 differ by three.
6.1 a,p are the roots of x* —5x+k=0, find k such that 3a+2p=12. : 3x...,, %
B

7 Find the value of m and n ifboth sum and product of oots of the equation ™
a3
are equal to 3

Mathematics X

Unit 2 Theory of quadratic equations

BPEZY | Symmetric functions

Let a,  be the roots of a quadrati OfrPOts olja quadratic eq“aﬁmi
o +p are called the functj ratic equation, then” the expressions of the form o+p , o
O 6w o I‘lCllOIle of the roots of the quadratic equation. By symmetr'c,
an equation, we mean that the function remains invariant (unchan, e:i)
g

m ots C I IlCllO!‘lS(l B o+ B , o B
\Ja]ues “‘[le“ the TO! are inter ha
ngEd. or examp]e, the lu ]

.07 Symmetric functi X

i m Ilf un;uon of the roots of a quadratic equation in terms of its coefficients
44 If o, B are the roots of ax® +bx +c=0 ymm

: =0, then find the values of i

: : ofthe s

func .10ns of the roots of a given quadratic equation in terms of its coefficients %
(i) o+p (i) of (i) a+p? |

1. -

+ —

uz ﬁz

(iv) +p
(v) l+—I- {\.rl)
! a B

Solution

(i) As a,p are the roots of the equation ad® +bx+c=0,

... sum of the roots =+ p = b
; a
(i) Product of the roots = af =<
a (2N
(i)~ Since o’ +p? =({1+|3}2-—2a|3 .
" g
b 2
49
a a _..,"‘» ~
. ol e T"«-."
b 2 Ny AY
a a ";-\- "‘\
_ b’ -2ac A / i

2

at

(iv)  Since o’ +B° =(a+p) —3ap(a+p)

()

Beautiful Number Relationships

8l=(8+1y=9
4913=3+9+1+3)=17




. Unit 2 Theory of quadratic equations
Example ([

2 Theory of quadratic equations
Unit

Form a quadratic equation whose roots are 1+ V5 and 1-+/5.,

Wi o Solution  Roots of the required equation are 1+ V5 and 1-5 o 113
@ La-ED | Sum of the rots=1+-V5.+1 -5 =2 '
- P 2 .
f - roduct of the roots ~(1.+/5)(1-5) =1 ~(45. =1-5=
o : ;
' . the required quadratic equation is
i = _b c 2
=g (a,rﬁ:—-b-, aB?ﬂ X" —(sum of the roots) x + product of the roots = 0
T ¥ = x'-2x+(-4)=0
i ! = ¥ -2x-4=0
!I ; i s 2 Formmg an equation with the given roots is the reverse process of solving an equation.
B 2
i o M P 9.__4;1}2_ Example [LL Form the quadratic equation whose roots are:
WY It T g (of) : " oo 00 23
1 o B ) 2 ~ (i) 2a+1,2b+] } o al, b? (i) —,= (iv) =.=
i i (__b_) _2(3) (11 (1) 3’k ) 3'2
i a h ,
_ gﬂ)__}_gﬁ B Solution (i) The roots of the required equation are 2a + 1, 2b +1
i _ (ap) (%) .. sumof the roots = 2a + 1+ 2b +1
i_;li._l. 3 L _1_7_2_.__22—‘19- ' _E_’i_:'__z_e_c- = 2a+2b+2
z.’ = ___@5-—- . TR > and product of the roots = (2a + 1)(2b +1)
it c " |
% =5 e given =4ab + 2a+ 2b +1 & |
i} d dratic equation whose roots ?r g The required equation is given by l
i m Formation of a quadr 2 =0 !
: ‘ the roots of the quadratic equationax” + bx+c=Y; x* — (sum of the roots) x + product of the roots =0
# e the
H Let . p b band o N ¥ —(2a+2b+2)x+ (dab+2a+ 2b+1)=0
e +p=— - R il i i
P ¢ Then P : “‘ﬁ - ) : Which is the required quadratic equation.
g ¥ = g i o 3 42
R NO\V o +br+c=05 a#0 > - (i) The roots of the required quadratic equation are a”, b” therefore,
1 b c . o | 12
L x=4 or x=b
= s 2t 3 \ / f\ =
a a

x—a*=0 or x-b*=0

2 b E.—_. - )
g *('E) N t\ 3} T @-a?)(x-b)=0
_ 2-(a+B)x+ap=0 N/ x(x-b) —a(—b?)=0

= ¥ -Sx+P=0 ‘ . g
Where S =0+ p=sum of the roots

P = op = product of the roots

ic equation whose roots are gwcn is

s (a’v*b ) +a’b’=0
Whlch is the requlred quadratic equanon

Mathematics X -

and
Thus, the formuln for forming a quadrati
x* — (sum of the roots) x + produc& of ihe roots 0

Mathematies X .li‘L_ T F'k

s - R, M. =
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2 Theory of quadratic equations
Unit

ic & uation are : s
iii)  The roots of the required quadratic q b
(an

1 x=
Since x = = ar

ax=1 or

ax-1=0 or

(ax-l)(bx—l)=0 g

ax (bx-1)-1 (bx-1)=

abx’—ax -bx +1=0

abxz—(a—b)x+l=0 -
Which is the required quadratic equation-

ic

I o=

bx=1
bx-1=0

D
The roots of the required equation are =7

) 3
Therefore x= % i 2
5

(iv)

b

s¢=2 or X=
sx—2=0 or 2x-5=0
(5x-2) (2x-5)=0
T spx-5)-2(@x-5)=0
' 10 —25x—4x +10=0
102 -29x+10=0 ‘ —
Which is the required quadratic equation.

(Wm0 o4 95 40

__ - mls;;'#;;-24+16=25w40+1_6_

| :ﬁ'-fﬁfﬁ B4 =4
A 3-4=5-4

;;C y -1=1

r
A

ol ¥
‘f' i

(

B S 7 ' ¢
ey

Unit 2 Theory of quadratic equations

v Exercise 2.4
———— e -
L If o, B are the roots of ax® + py 4 ¢ =

; 0, find the values of
(i). o’Bepy (ii). (a-py’
2. Find the quadratic €quation whose roots are
)| '
(i) 1, - (i). =34 (). 34v2, 3-V2  (iv). a,-24

3. Form a quadratic equation whose roots
ax’ +bx+c=0; g0

4. If o, B are the roots of 2x?

are square of the roots of the equation

+3x+1=0, then find the values of

. 2
(ir 2. B it d s et 0
ot o _p B «
5.1f o, B are the roots of 3x? —2x+5=0, find the equation whose roots are £ B

Bia.

If o, B are the roots of x*—4x+2=0, find the equation whose roots are o +

6.
" | Synthetic Division

1 1
‘&-,ﬁ+E.

[

We are familiar with the process of long division for dividing one polynomial by another. We

noticed that if the degrees of the polynomials in the numerator and denominator differ
considerably, then the process of long division indeed becomes very long. However if the

polynomial in the denominator is of the form x — a, then there is a shortcut method called
synthetic division.

Steps of Synthetic Division:

Step o If the divisor is x —r, write rin the box. Arrange the coefficient of the dividend by
descending powers of x, su.}pplyiug a zero coefficient for every missing power.
~lep L Copy the leading coefficient in the third row.

Step 3. Multiply the latest entry in the third row by the number in the box and write the result
in the second row under the next coefficient. Add the number in that column.

Step 4. Repeat step 3 until there is an entry in the third row for each entry in the first row. the
last numbers are the coefficient of the quotient in descendin g order. ?

1
g?gﬁftzgic:ocﬁvisioh can be used only when the divisor is a linear factor. Don't forget to
write a zero for the coefficient of each missing term. :
'l (b) When dividing by x —r. place r in the box. For exampl‘e.‘whc:n the divisor lS.l'.'l- 3. p;ace
-3 in the box, since x + 3 —x—(=3). Similarly, when the divisor is.x =3, place +3 in the box,

[ sincex—3=y—(+3).

IEORISBUER -
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it 2 Theory of quadratic equations I
ket Unit
11

The roots of the required quadratic equation are %

1

Sincex=§ or -"7=g
acr=1 or bx=1 |
ax—1=0 or bx-1=0 :
(ax—1) (bx-1)=0 ‘
ax (bx—1) -1 (bx-1)=0 |

abx’—ax-bx +1=0
abx’-(a-b)x+1=0

Which is the required quadratic equation.

(iv)

The roots of the required equation are

w2
[SERT

2 =
Therefore x= g or Xx= 3

. e

(

&y ks

-M;llhcni.illcx\ ,:‘ :ng:;FnR SA!_'!: :

S5x=2 or 2x=
5x-2=0 or
(5x-2) (2x-5)=0
5x(2x—5)-2(2x-5)=0
10 X% - 25x—4x+10=0
102%-29x+10=0

Which is the required quadratic equation.

e | g

/ 9-24+16=25-40+16 '*‘f‘z\\i‘%
gy N0
.3 (3-4)2=(5-4)

f \'\«-;«-‘ ,{I h
' 3-4=5-4

] (1) Synthetic divisioh can be used on

Unit 2 Theory of quadrarjc equations

' Exercise 2.4
are the rootg * |
of ax? 4 py ¢=0, find the values of

(). (a-p)®

(iii). 342, 3-J3

are square of the roots of the equation

(iv). a -2

3. Form a quadratic €quation
ax’ +bx + ¢=0; 4 #0,

4. If o, B are the roos of 2x* 43y 4]

(i). E+—B-

o

5. 1f @, B are the roots of 3x?

=0, then find the value§ of

2 2
tii). X B
o
~2x+5=0, find the equation whose roots are E, E A
o

(i), EI?J'_]?

6. If a, B are the roots of 2 —4x+2=0, find the equation whose roots are a+l, B+l.

: ’ z 5
- Synthetic Division :

We are familiar with the
noticed that if the de
considerably, then the
polynomial in the den
synthetic division.

process of long division for dividin g one polynomial by another. We
grees of the polynomials in the numerator and denominator differ
process of long division indeed becomes very long. However if the
ominator is of the form x — a, then there is a shortcut method called

Steps of Synthetic Division:

Step t AT the divisor is x -1, write rin the box. Arrange the cocfficient of the dividend by
descending powers of . supplying a zero cocfficient for every missing power,
~top o Copy the leading coefficient in the third row. ;

Step 3. Multiply the latest entry in the third row by the number in the box and write the result
in the second row under the next coeflicient. Add the number in that cu[unu?. ;

Step -k Repeat step 3 until there is an entry in the third 1o for cach entry in the first “Tw' the
last numbers are the coeflicient of the quotient indescending order.

WARNING ()

ly when the divisor is a lincar factor. Don't forget to
[ write a zero for the coeflicient of cach missing term. d e o
| Jace rin the box. For example, when the divisorisx +3, pli
’ { -C i . . - = s, .
" -3 Similarly, when the divisor isx =3, place +3in the box, '
=X=(=dh .
- REM

HOTIRORISAER B

| o e f
¥ LN
LI

(b) When dividing by.y -
=3 inthe box, sincex+3
I sincex =3 =y -(+3).

5 0 -



' s - - - Unit 2 Theory of quadratic equations

Example ([E] Use synthetic division t0 find the quotient O(X) and the remainder R when

the polynomial 3y —2x> ~150 1 divided by x—4-
Solution  LetP () = 3 —2x* -150
3% —2x +0x-150
and x-a:x—4::>a=4

Then by synthetic, division we have
413.. =2 O = 150

- pow @
3 10 40 10
Coefficients T o .

! Remainder
of quotient N

Therefore, O (x)=3x" +10x-+40and R=10

Example @ Use synthetic division t0 find the value of kif 2 is a zero of the polynomial

25" +x° + I -8
~ Solution ~ Let P(x)= 2 3+’ 8
=25 + 2 +loc +0x—8
Since 2 is a zero of P(x)= P(2) =0
 x-2 is a factor of the poiynomia! P(x)

Now use synthetic division to divide P(x) byx—2.

e ) k 0 -8
4 10 2k +20 4k +40
- k+10  2k+20 4k +32

t__Remainder

Since the remainder is 4k +32.
— P(2)=4k+32 by Remainder theorem

4k+32=0

Unit 2 Th
eory of quadratic equations -

the factgrs o

f the pol .
St ) oo ol a1,

Here x~a=x_154-
;-nd X~a=x+'2=>a=_2
et P(x):x’_mxz+nx+12

.
1@ Use synthetic dj
¢ "
ic division to find the values of m and nif x—1
: if x—1 and x+2 are

o |
| ; tlc dl is1on to dl ide P{I) by X I and Q( )
Hlﬂle Vv V! = X by x+2 -

' i 12
I ) " 11 1-m l-m+n
’ -m  l-m+n | B=man
-2 242m
L' =1-m | 3+m4+n

Since x— :
x—1 and x+2 are the factors of P(x) w:;::;a:nder

13-m+n=0= (6]
3+m+n=0 = (ii)
Adding (1) and (ii), we get

16+2n=0

== 2n=-16

=  n=-8

Putting n =-8 in equation (i), we gef

13-m-8=0

= -m+5=0

= —-m=-5

= m=5

Thus m=5 and n=-8.

L Remainder

writing and fewer calculations.

beginning. preventing sign errors.

Synthetic division is a method of performing Euclidean division of polynomials with less

The advantages of synthetic division are that it allows one to calculate without writing variables
it uses few calculations, and it takes significantly less space on paper than long division. Also, me:
subtractions in long division are converted to additions by switching the signs at the very

Mathomiatios A -



F e

’ dratic equat‘mns

r -=. UnitQTheory of qua
. WP B L+d= 0,use synthetic
- rtic equﬂthﬂ
roots of the qua
Example [ If-1 and 2 arc 1€

ts.

¢ _5x°+4

3_s5x? 40x+4
P(x)=

division to find the other 100

Solution  Let P(x)=x
= x‘ +0x

ots of the equation

0, thereforé ¥ +1 and
e s synthetic division.

iTc; et F P x).To find the quotient we U
gl o =8 8 4
i 1 g oA
e N
5 3 A
. 1 -z 0

Other factor is Lx-2=00%)

Other roots will b¢ the roots of the €
= (x+2](x-l)={)

x=-2 0r x=1

)=0 are -2, 1.

quation £ax=2=0

=

Thus, the other roots of P(x
. < . -Ef_e_fgse 25 - |
quotient 0(x) and the rem

ial in each case:
), 20 =T +12x - 275

to find the
the second binom
(i

1. Use synthetic division
polynomial is divided by L

(i) 3¢ 420 -yl x+3

(i), 20 -38° +5x-To X 2

. Use synthetic division 10 find the value of k if -2 1s a

I~

A et S AT
3. Use synthetic division to find the values of p and g if x +1and x—2 are the fac
4 px’ +qx+6. ’
Pt thetic

4. If x4+1 and x—2 are factors of the polynomial P 4ax® + bx+2 , then using syn

division, find the values of a and b.

One root of the cubic equation x’—=7x—6=0 s 3. Use synthetic divi

to find the other roots.”

6. 1f 1 and 2 are toots of the quartic equation x* —5x* +3x* +7x-2 = 0, use sy
use synthetic division to find other roots. '

i
sathotingies X B N
F ‘.! : .I.

wn

i Example ,@

ainder R when the first

zero of the po'.ynomial

sion of find the

ntheliG

Unit 2 T
heory of quadratic equations

Simultaneoyg Equations

More than o
Ne equation whj
5 i i
are called simultanegus . ;?;rse satisfied by the same values of the variables involved

G_—_——_—_‘_‘—‘—'—-——

Linear equationg consists

olution ofs i
s nof'system ofli
atisfies each equation in the systf:r:l1 i

A system of
vari i

iables. A s of tWo or more linear equations in the same
qQuations in two variables is an ordered pair that

~ Solution of one Jj '
one linear equation and one quadratic equation

Solve the system,
2x+y=10
4x* 4 y* =68
Solution
2x+y=10 (i)
4x*+y" =68 (i)
From equation (i) we have
y=10-2x (i)
Substituting this va[ue ofy in equation (ii) we have
4x* +(10-2x)" =68
4x* +100+4 x* —40x = 68
or  8x'-40x+32=0
2
X =5x+4=0 (Dividing by 8)
(x=1)(x-4)=0
=  x-1=0 or x-4=0
which gives x=1, or x=4.

Substituting these values in (iii) we have
For x=1, y=8 and for x=4, y=2 -

. The solutions of the given system are (1 ,8) and (4,2).

or solution set ={(1, 8), (4.2)}




dratic gquat‘ions
: heory of gqua
Unit 2 The

B { . stem
- le ] Solve the sY "
{i Examp .x,y=7’ xz+3xy+yz_, :
‘ @®
i t
. . )l x—y .n
i Solution. i 65
a3p+y =
From equation (i) we have il
i in on (ii) we have
| bstituting this value of x 10 equatio (, o
| : (?+y)2+3(?+y)y+y 0
.‘I: 2 pyt4l=
: 49+14y+y’+21y+3y +y
: A +50=0
% i o 0 (Dividing by 5)
i : 10=
- y Tyt

e

(y+Dy+9=0
y42=0 or y+5=0

T

E s -
i’ =] y=-2 01'-)’:"5 ; ) x___jandfol‘ y=__5'x=2_
E: vad ry=—%, :
; §IIbsﬁmting these values in (iil) W€ have 05 J’z) e
i ul L L .
: " . The solutions of the given systemare (5 '
C:
I' or solution set = {(5,—_'2)» (2, -5) . 7Y
: NG O— . od from an equation must not be substituted 1n
sion for x or y obtaine .
k: The e?‘l'-‘“";mm the first equation of the systerm
iy equation. x+2y= -1
'_' 3);2 “+ y = 2
aé? We obtain
% | x==1-2¥ E
5 5 (i )i tion would result n
L3 lituting (incorrectly) in the same equa
e (-1-2y) + 2y =-1
-1=-1
‘ i tion.
b The substitution x = 1 ~2y must be made in the second equa

Unit 2 Theory of quadratic equations

BEER Solution When both equations are

Il Example [E8 Solve the system
X 4yt=y

OB :1:&.:..;‘;’;!!"1

quadratie

2x2—'y2=8

. Solution | x*42_4 (i)
| 20~y =8 (ii)
Add (i) and (ii) to eliminate STa
X4+yt=4
i - sz iz y2 =8
3x? =12
) 5w x'=4
x =%2
“Substitute the values of x in (i) gives the corresponding values of y.

When x=2, we get (2Y +y*=4 When  x=-2, we get (—2)2+y2 =4

’5 ¥ =0 4+y'=4
f y=0 =0
r=0

««. the solutions of the given system are (-2,0) and (2,0) and the solution set is

{(=2,0),(2,0)

v Exercise 2.6

e —————

1. Solve the following system of equations.

(i). 2x-y=3 (ii). x+2y=10 (ifi). 2x—y=-8
x+yt=2 X +4y* =32 FCidx=y,

(iV).2x+y=4 (V). 4x* +5y* = 4 (vi). 5% = y? +9
xX*=2x+y’=3 éx2+y3=3 F=—pi+d5

(vii). 4x + 3}==[3_;q_ : —
2x*+3y°—4=0
Challenge !
2. Solve the system of equations.
(i) x+y=9 (ii). y=x=4

¥+ 3xp + 28 =0 2 +xy +y =8




Unit 2 Theory of quadratic equations

g ™

Real Life Application of Quadratic Equations _— o
4w Example 1@3 Suppose 2 rectangular shed f-s being O .
‘puilt that has an area of 120 squar¢ Feel ar.ld is 7 feet " i“ .' !
Jonger thanitis wide. Determine its dimensions. ‘{ . ..3_“. | o ; /\
S S
L Sen 7 s the % Sl e A
Letxbe the width ofthe shed. Thenx* represen KO~ 3
. Jength. Since area equals width times length, W€ solve & s/ \/ »
: i uation. )
= S ez v+ T7)=120 . arca is cqual to 120 squarc foot
& +Tx=120 distributive property
P+ Ix-120= 0 subtract 120 from cach side
(x+15)x— =0 factorize
31520 or ¥ 8=0 zero-product property
x=8 solve

x=-15 or
cannot be negative, the

7 feetlonger than the width, so the dimens
\ Example [P Aman purchased a number of shares of | ak'm an o ock F.Xdl &ﬂ?,e

stock for an amount of Rs. 6000. Ifhe had paid Rs. 20 less
per share, the number of shares that could have been w———:‘:‘m
the same amount of m = : i

w many shares did hebuy?

solution that has me aning isx=8.The lengthis

Since dimensions
[ ;ons of the shed are 8 feetby 15 feet.

purchased for oney would have

increased by 10.Ho
Solution  Supp

The amount paid per share
If the man had paid Rs. 20 less per share 1.

have been x+10
therefore (x+10)

=X
Rs. 6000 — (1)
20), the number of shares Wi

ose the number of shares purchased
=y thenxy=
ie Rs. (y—

ould

(y—20)= Rs. 6000 — (ii)

00 o betituting in (ii) we have

" From (i), we get ¥ = 2

{x+l{})[§90—q—20)=6000
X

6000x — 20x” +60000=200x = 6000x

=
=  20x*+200x—60000=0 (Dividing by 20)
—  x+10x-3000=0 ISR
. = (x=50)(x+60)=0
. =  x=50 or x=-60
Since x = - 60 is not admissible, so we neglect it. Thus the number of shares purchased is 50.

Mathematics X' R

6. The area of a rectangular field is 252
8

unit 2 [he
. ory of quadratic equatior;s :

-

P

v Exercise2.7 .

i. Find two
% cons 4 2 ¥
2. The sum of th:(;tltlve positive integers whose product is 72
1 uares of three ¢ e
onsecutive inte; i i
gers is 50. Find the int
egers.

3. The length of
3 a hall is 5
F meters o
ind the length and width of theT::;e than its width. If the area of the hall is 36.sq. m

4. Th
i The sum of two numbers is 11 and
- T e sum of the squares of tw
Find the numbers; o

m::em‘t-)f their square is 65. Find the nuﬁbem
TS is 100'. One number.is 2 more tha n :J;e other.

longe its wi ; u
7 Onf sfnictlfn:ja:)lf1 ts width. Find its sides. quare meters. The length of its side is 9 meter
’ a rectangle is 3 centi
rectangle is 54 square centi entimeters less than twice th '
centimef@fhthen find the si e other. If the area of th
J e sides of the rectan e
gle.

8. The length of one side of ri
e of right tri
the hypote: . righttriangle exceeds th
ypotenuse 1s 15 centimeters, then find the lenegtlﬁz%l;: i-itfi]:sr’t?; by 3 centimeters. If
ofthe triangle.

9. The sides of a right tri .
tri
10. A sheph g .&nglemcmare (x-1), x, (x+1). Find the si
i S hp derd't:onl{lsght some goats for Rs. 9000, reza * e sides of the triangle.
ad paid Rs. 100 Tess for Riitel TR
have got 3 each, hewould * »
4 fmoi 25 goats more for the same amount |~ .I

How man ts di
y goats did he buy, wh ;
: en th
each case is uniform? % el

A Review Exercise 2 ' y
1. At the end of each eiti et
; question, four circles are gi il i .
(i). If the sum of the roots of FUR SO
(a+1)xz+ (2a+3)x+(3a+4)'=0 ]
i 29 01 02 03
ii). The sum of the roots of a quadratic uation is 2
roots in 98. The equations is Ll ke s cubc; otthe
O »#-2%x-15=0
: O xX'-4x+15=0
(iii). If a, b, ¢ are positive re
. ax® +bx +c =0, are always
O real and positive
O rational and unequal

'O F-2c+15=0
O none of these
al number, then both the roots of the equation

O real and negative
O none of these




s g=ly . ll
— c equations g - Unit 2 Theory of quadratic equations . . - .

— 1.1 k
4 - -+
=) , the yalue D a b
| | | f4x2~3x+7:0,then o | ©
ts ' The soluti ; :
.-y Ifaandbarc the 100 3 i ‘ ¢ solution to an equation are called the roots of the equation.
(iv) 3 Q= L . _ ;
& 3 O 3 ) sxrk= 0 are eqUd { @ The quadratic formulais = = Z0%V6"- b —4ac
4 ' tion 3%~ 1 2a
of the equ? . , The part of the quadrati i ,
3. For what value of ke e 3)? £ the roots of the following \ @ discriminant, 1 m_ 5 formula undemeath the square root sign is called the -
¥ d g . oducts © Discriminant = b’ —
3. Evaluate \ 71 ?) f'( tion, find the S A ® s
qUAMES e -
- hout SOIVIDE the ¢ : =1 Discriminant 2 2 5
A e ations. L 2+(2k+1)x+k“5 0 _ Wi=4a5>0 b"~4ac=0 b’ -4ac<0
q“ad;gtlc equ (i1). equation 3x . - :
e of the 001S of th : : Nature of roots | [ 1€ foots are unequal|  The roots are The roots are unequal
(. i {hat the sum™ _ - : _ ; a::d rez;l:ffi;:ozt‘s are equal. and imaginary.
d the va foots. _ 0 differ - i rational if b—4ac is
e equal to the PO ot of -3¢ pet=] Lnlicative inverses of the perfect square
4 the value of K +f the 00t 'b ¢ oots are the multip . 3 , otherwise they are
6. Find the tion who \ d.the other o0t | irrational.
: atic eque =0is 2, find . ' :
ind the quadr B 2 4k +4 ; :
7. 124 - 17x+6 tic equation 2x : .. ticision 10 : @® A function of the roots of an equation, which remains unaltered when any two of the ]
oots of uad hetic division. & _
I of the 1001 of the d —0is—3 Use synthe - roots are interchanged is called Symmetric function of the roots. - |
8o d the value of k. 246 2+ 11 S g @ onr finding the equation ax’ + bx + ¢ =0, (a<>0) when roots are given
Also  of the cubic eqt . x' —(sum of the roots) x + product of the roots = 0 where
. One 100 i &k i | o )
find the other 100% rem of equations: ' s Syz, 3 +2=4Y Sum of roots =— —
o. Solve the following Y= o a4 - sed by 4cm. thed , a
I 2Ly ¥y T 13 : idthare each increas® ctangle. c
iy x ¥y % 1o is48 o’ If length g ‘;1 Jwidthof the original ® Product of roots =—
- farectangle1s 2 wind the lengthan g ) i s B
The atf ioe'rarectaﬂg'lﬁ js120 cm _Find ; : © syathetic division is a method of performing Euclidean division of polynomials with
of the larg . less writing and fewer calculations.

The advantages of synthetic division are that it‘al!ow.s one to calculate without writing
. i variables, it uses few calculations, and it takes .Slgl?lﬁmdy less Sl:i“ Oﬁd[;l{ef ﬁ';ﬂ
jons to the quadratic (=P 't W long division. Also, the subtractions in long division are convert to additions by
L . Habiba explamstha Whois ca - B switching the signs at the very beginning, preventingsignerors. i

: @ A system of Linear equations consists of two or more linear equations in the same

®

ind the errors ' -
I;':':'.17.25 istryingto solvethe quadrat

/ variables. : ; : ; ir that satisfies
© Asolution of system of linear equations in two variables is an ordered pair that sa

each equation in the system.

tivity J— |
Using online SiRar otient and Remainder. Verify

Divide ¥ +X° +5x+7by x+2and find Qu
division method.

your answer




eto

vs will be ab!
o (direct and inverse)-
ion. ndo, dividendo and componendo and

comp(me

i i ions.
ities involving proport

volume 1

_..g:%f;'g'.ﬁl_??__‘”:_ggs‘_l;‘:@ e
Direct variation is the rela
or decreases the other al

Unit 3 Variation ’ . _- v .

tionshi i

S((:;nshtp between two quantities, whereby if one quantity increases
“decreases orif one Quantity d
We often make use of o

variation is necessary fo

i ST
NCreases or decreases, [f one quantity increases, the other

rus. For example, -

& If a person pushes a car, he
has to apply more force.

% Ifa mother pushes the cart of
her child, she has to apply less
force.

% In amarathon race an athlete
who has more speed than
other participants will reach
the finishing line in less time.

' On motorway from Peshawar

to charsadda, from the same

two cars if- one car has to

o reach in less time, then its
: speed must be increased.

£ . . e
m Ratio, Proportions and Variations
(REE L Ratio. |
A ratio is used to compare two or more quantities of the same kind which are measured in
same unit. The ratio of two quantities a, b of the same unit can be shown as:

= .

Ex; -l Write the following ratio in simplified form:
i 3212 (iiy 6a : 18b

~Solution = (i) 3:12=1:4 (i) 6a:18b=a:3b

Divide Rs. 5070 among three persons in theratio 2 = 3 : 6.

fxzyaple [§

" Solution Givenratio = 2:5:6
Sum of the ratios = 13 p
' = 2 = Rs.780
Share of 1% person = 5070 X7

A ratio is said to be in its
simplest form a : b whena
and b are integers with no
common factors(other

than 1)

5 .
= = = Rs. 1950
Share of 2™ person = 5070 x 3

6 -
o — = Rs. 2340
Share of 3" person = 3070 13
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o Unit 3 Variatioy . - e

_______- o= ‘ _ | Unit 3 Variation g . :
L] : equivalent: “ Kinds of Variation v n-
ions tios ar ionis givenas There are :
ﬂﬂ p?-opm"twﬁon hatstates that tw‘; rt:'l form ofaproportion g | two types of variation, Direct Variafi
Aproportion’® z;n ef‘:iamiﬁes thenthe £ ] to Zero a. Direct Variati tonandInverse Variation.
a,b,c,dareiov not equd : . A I
1f & e ot equal t0 zer0, d - Proportionis aco;nparison If we borrow books Boni th S ' [ 1]
Vi : f the quantity o . ! o the _ . n - >
b d : an also pe written a5 Oh > z?nti owfaw; Iia“ to| returning the books, we wil| b school library and are late in m
The above equations © | the quantity of awhole. overdue book. The table below }:5 fined Rs. 15 per day for each .
e ¢ : . shows the fine for an overdue book. w-
a:b=¢C: _ _ : 0. of days (x) T T e f
6 ttenas 3:4=68.InthS A ERE TR Fine (Rs. y) _—15_"'7“'“3_26_ a8 1.5 ] s-"/
. 3-__- canbewri en - . . . : e Y 20 _4_'5__ . 60 7—5——- ? :"
The proportiof 7= g ofthe proportion- - Vi Betdilekanie ‘ el
48arecalled {he extremes o4 and3 X 8=24 ® o ice that if the number of days (x) the book is overdue Skiraiad il
roportion and3an : ual. i 4% 6= 5 s.y) will also increase proportionally, i.e. if x is doub i A AL e
?[‘h Cross product of a proportion are eq’ will also halve. This is called direct 1,3r’o ‘ort'ls o‘; led, y will also double; if x is halved, y
: " i 101, " .
: le 3 :1d the value of x. proportional to the number of days (x) a boik isow de sy, that o e {RS ) is directly
g 2 24 gb+blandxarcind proportion. T yis directly proportional tox erdue. We say that y varies directly as x, or
3-—\33 al-b,3 +a 1 ;
a ] Y \ L s
W | If y varies directly as x, this relation is written as
According to the question ; yex - or y=kx
(a>-b) Ea_z_*_'ﬂ_). It is clear from the above statement that 2 = k-
T S i 2 X
@ -b) x | Where k is a constant of a direct relation, and is called constant of variation.
- 24 ab+b%) Example [+§
(a-b)@ +ab+b) (@ +ab*?) ple [
(a-b)(a+ b) ¥ Given that y varies directly with x and y =27 when x =3. Find
ol g (i) An equation connectingxandy. (i) The value of y whenx=11.~
or m = e Solution :
Since y is directly proportional to x, then

or x=atb

m Variations

yox = y=k
(i) Putting the given values of x =3 andy =27

g . uantiti rem
[n Mathematics, we usually deal with two types offqthe s a0 vanti value"f _ . oy
variables) and Constant quantities (or constants). o otherhaﬂd& ifthe ; . ‘
unchanged under different situations, itis callte(.i a constant. Qﬁ : ; So the equation connecting ¥ and yisy =9
aquantitychangesunderdiﬁerentsituations,ltls calledavariable. 4f8 .
I dema® (ii) Puttingx= 11 in above equation.

] 7 aiﬂ,.
For example: 4, 2.’.’18,%% etc. are constants while speed of atl ._ y=9(1D)= 99

commodity, population ofatown etc. are variables. Which is the required value.

The change of variable parameteﬁ; is called as variation.



b. Inverse Var;lation

- == i Unit 3 Variation o Unit 3 Variation : : . = _ : i

' : : The following table shows e (:
g . et
o 3 s N 1 speeds. metaken by a car to travel a distance of 120 km at different
Examp € | 'ng ‘3b €. £ i
follow! — = _
m letelhe Sare i o A e |
; lfyacx,thenco p — s S Tl 225 ] Speed x kivh o e 5 gt s s ke
RN o S R [Time taken (5 howrg)| 1500160 120 ]
E 6l _ | (y hours) O W i T 35 .
e ' - You can notice that as the speed of car increases
._f"‘Sélukion A yex 0 B the time taken decreases proportionally i.e, if
; , b x is doubled y will be halved. If x is tripled then y
or ety il §= 6 3 will be reduced to — of itg original value.
. o the values i ® 4k or s 2 Simxla.rly 315 the speed of car decreases the time
Putting 6 : e taken increases proportionally. This relationship
;:E ) (“). i is known as inverse proportion. We say that the
Equation (i) becomes R : ! speed of car, xkm/h varies inversely to the time y
_ _ .5 in equation (i) . , .hours taken. .
Putting * 8% 15_q5 | ) If y varies inversely to x
; :_;:._.X iy . | % ie ycx'.-x— or }’=£ or xy=k
: eofy » x
Which is the comspon:dmﬁ .\];alu ' Where k is a constant and k is not equal to zero.
1o x= 8 inequation U1 , : —
SR o ) Example [{fl Ifx varies inversely to y and x =3, when y =12
20 Find the value of y when x =6.
Which is the corresponding value of y- Solution ¥ k i
. _18 in equation (ii) yoo- b y= 24
w putting y = 18 1 eqt & l : x . =
- 18= 0 N W Puttingx = 3, y = 12 in equation (i) Inverse varjation
i ! e ; = k when one quantity increases !f decreases
Which is the corresponding value of x. 1 s : P while another quantity decreases / increases.
Pmﬁngiﬁ 22.5 in equation (i) or 36=k kory =%
22.5= ¥ oo TRE : Putting the value of k in equation M |
T2 - 36 .
: - I fx ' ! y=— (I.l)
Which is the corresponding vaiue OF % | i x
So complete table is given as under: w_ns : l Putting x = 6 in equation (i)

BN : i . ino value of y.
e o 12 i | y _36 _ 6 which is the required corresponding v
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5 > Unit 3 Variation

tity of gas in a container varieg

ssure P 0P the quan

Example Given that Pre ;
[n x 1 gas in 10 N!mz, its Vthme is

pressure on

inversely toits volume Ve Py When
25m’. Find the
preésum when the yolume is 20m3.
e k :
~goltion~!  P< = o Py ® .
; 3% G
putting the valuesP= 10 Nm? and y =25m" in equation (1)
= =250 f e
‘ 10= 7 or k T iabiLe, e
For equation (1) For direct proportion, \
= _?é_q (i) = x,/x,,but for inverse |
- 14 proportion, we have
Putting V= 20m’ in equation (i) yoly=x/x, 0t .
250 2 Xy, = XV Note the order |
P= -i-o-‘ = 125N/m ofx1 andx,. '-l
, Exercise3.1_ -

ter ratio, 5 : 7 OF 151:208 ? .
sed. How much goldis

1. Which is the gred

2. Gold and silverare mixed in the ratio 7-4. 1f 36 grams of silverisu
used.

3. Dividethe annual profitof Rs. 40,000 of a factory among 3 partners 1

(s o By 22 : 27, find the value of x.

5. There is a direct variation between » andy. Wh
(ii). x when y = 100

n theratio of5: 8‘: 12.

enx=1Y% 49 find:

(i. y when x =9
6. -’Fhere'isanmverse variation between x and y, and when x= 4,y=6, find:
(i). y when x = 12 (ii). x when y = 24, &
T F ;}i:andp =9 whenr = 2. Find:
(i). r when p = 3- (i) p when £ = .
8. If y o x, then complete thc- following table. ;
15

X ! 4 . 6

U!"ITI: 3 Va riation

BB Third, Fourg, . m .

Three quantities ap, Mean and Cont;
e Lontinued Proporti
on

termaree saidto b ;
qual to the af: bein conti E
If erat ontiny ]
mf;f)?fd ol °°nti§1?£he s“"“d‘emed P oportion ifthe ratio of the f
a andc Proportio third t e first term a
: n then b js erm.Ifa:b:p-c and secor
:bicthen gc=1

c is Ca” , Ca]led th
ed the third Proportional € mean proportional (or geometr

1'—'0] ex
pl £l
mple t 2] 4 9 arein con
a !u‘llled

4:6::6:9 proportion because
4x9=g
The numbers 2, 4 i 36=136
- ’ 6 are not in continyed ;
2x6%4 proportion because
12#16.

Example 28 g
D Find the mean proportional of 5 and
15.

- Solution i
on . Letxisthe mean proportional
na
15 x
£ 8
o x*=75
or x= i\h_s
- ¥ agsguare roobls on b
Example [ 4 Fi e | =
- o D Find the third proportion of a*# and abe
= :
ution  -Letx b_e the third proportion.
Tt - Ll c=c’ ‘
i or Xsen

Exam

ple [ L} Fi i

- ]__. | \} Find fourth proportional of a2-b,a+banda’+ab+b
olution  Let x be the fourth proportional,

then ‘ (a’—b’):(a+b)::(a’+ab+b“):.r
ie., x(a‘-b’)=(a+b)(a~‘+ab+_b~)

(a+b)§a’+ab+b’)_
a-b i

_r:

(a+b) (@' +ab+b)
(a-b) (@ +ab+b)
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Unit 3 Varigtion

B Theorems oF Proportion
n Allernendn property

fa:b=

that is, ift'nc secon
in proportion.
Fxample If 32

. dthena:¢ = b:d
dand third term interchan

B! Inv ertendo Proper tv

Ifa:b:
_ thatis,

c:dthenb:a’ «d:c.
iftworatiosarc equal,

Example 6:10=9: 15

n Div
Ifa:

Example 4 5=8:10

' therefore, (47 5):5=9: 5=18:10

idendo Property = (B 10)
buc: dthcn(a—-b):b::{c-dj:d_

therefore, 10 6=5:3

n Cumpuntndn Property
fa:b=c¢c: d then (2

Example 5 4=10:

H Co
Ifa:
Exa

Example m If E:rﬂ; then prov

mpcmcnd
buc: dthen(a®b): (a—
mple T 3=14:6

5=6:10 then3:6=

then their inverseratl

+p):bu(ctd)id

8
4):4=1: .4=(10-8):8
u—l)mduldn Property

ge their places, then also the four terms are

-l:2=5:1(]

jos arealso equal.

=15:9

b) i (c+d]:(c-—d).

3) (= 3]-10:4=5:2

tion. s

b d
2(1 ?.c
3 3d

2a+3b_2c+3d
b 3d

2a+3b =2c+3d

¢ that 2a+3b : p=2¢c+3d:d

iditiplying both sides by 2

]

using componendo property

Unit 3 Variation

It Exam
xample m
Prove that if (3a- 4b) (3L —4d)

Then 4.¢
.:.:‘—f- - a'
(“Solutlongg 24~ _3c-4d

3a+4h & E'L_:‘i-?

Phien M{“ (3a+ 4b]

(3a~4b) - (3a+4b) (Mj_f_ﬁ_‘;_ﬁﬂ

: (3c~4d)-(3c + 4d)
Componendo - Dividendo)

or B

Il Exampie [ If M 13
(x+3f —(x-4f

(r43) +(-4f 13

lhc'n find the value of x.

Solution . | ——————
(x+3) —(x-4Y 12
By componendo — dividend property
2
(x+3) +(x-4) #(x+3) ~(x-4) 13412
: £
(x+3) +(x-4)’-[(x+3)’-{x-4f} T13-12
o Z(x+3) 25
, Z(x-4y 1
Taking square root of both sides ¥ =45
3 A
W X+ y
hen x—4=5 o, x+3=5x-20
or ' I=E
; 4
When +4-"5 or, x+3m-85 420
or -":LT'
6

Solution set = {23 ”}



- - Unit 3 Variaign
ise32 ¢
5 ExerciEs
ion?
in continued proportion-

ing Ciuantities are

1. Which of the follow
(i) 3 12,39

(ii).  72,24,8

M. 4 12,36 . :
2. Find the mean proporlsonal of 12, .
3. 1f5:15:x2r¢ in continued proponu.) i
4. If3x-1,4,3531€ continued proportlorll,

find the value of X.
find the value of x.

a+b

ti 2 _ptand —
5. Find the mean propomonal o_f a =

6. 1f

7. Solve the following equations..

el 4
O Frrz—x |

2 )

(i) _f_tef:.‘[{’_’j‘-’—g
111). 2 3
: x’+a1+Jx—:;

66x67= 4422
666 x 667 = 444222
6666 X 6667 = 44442222
66666 x 66667 = 4444422222
666666 x 666667 = 444444222222
6666666 x 6666667 = 4444442222222
66666666 X 66666667 = 4444444422222222.

ac+ad _M
a_S penprovethat 7 750" '
b

{x-—l)l+(x+2)2 ___.11
(0 ——F toadt
(x-1) —(x+2)

;
5

e —

666666666 x 666666667 = 444444444222222222

wniL o variation
R "y
BT Joint Variation - B

Joint variation
s the same ire
i o as d iati !
i }ra.n:fltmn - it ;5 f:t Vanation with twg or m 5% :
If?c ISer}tly e ries directly g 1. s otl:e quantities, i.e. Joint variation
bl Yandz, wecag ﬁ_lex . So two or more other quantities.
ndz,w wite xkyz=for some constant k. We can wri
_ - also write

;Z*= k.
For example,

Area of a triangle = l bh
5 bh.

Here the constant k is A

Area of a triangle varies jointly with base '
Area of a rectangle =L x W,
Here the constantk is 1.

and height ',

Area of a rectangle varies jointly wi th "W"
s jointly with length L' i
’ ; and wid
Newton’s law of motion; Force = mass x acceleration .

The force exerted on an obj i
: object
produced. i

[ Example [ o :
| Lxampie 12} Ify varies jointly as x and z
PG andx=15. yasxandz,and y=12 whenx=9and z=3, find z when

Jointly as the mass of the object and the acceleration

Solution Write the equation.  y = kz D

(® Try This,
If z varies jointly as x and y
and z= 24, when x=2 and
y=4, findzwhen x=2 and
y=5.

Substituting y =12 ,x=9,z=3 in ().
12=k(9)(3)
12=27k = -g=k

So (i) becomes,

4 ’
y= -9—1:2 4 {ﬁ)

Substituting y = 6 , x =15 in ).

4 15\
6—5(15}@}

60 - = /0 i
oo Gl 0




* Unit 3 Variatiop

. gEEgEe Ve

y also decreases.

. . ases,
jes directly as x- Bs B es, y-also increases.
i i also increases. Asx decreases,
As x increases, Y S sy =k OT Y =—
"As x decreases, y also decreases. . -Equation: % 5
. Equation:y = Fex - V

y varies inversely as'x.
As increases,y also decreases.
* s x decreases, y also increases.

Equation: xy =k ory ==

. -

1. Ify variesjointl‘ya'sx andz,andy=33 whenx=9andz=12, findy whenx=16andz=22.
' 200 when g=>5andh=4, find fwheng=3

2. Iffvaries jointly as g and the cube of h, and f=
andh=6.

3, Suppose a is jointly proportional to b and c. Ifa=
whenb=2andc=18? :

4. Ifpvariesjointlyas qand rsquared, andp= 225whenq
r=_8.

5, Ifa varies jointly as b cubed and ¢, and a = 36 whenb=4and c=6,finda
c=14. ' I

6. Ifzvariesjointly as x andyand z= 12, whenx = 2andy=4, find the constant of variation.

7. Hfy varies jointly as x' and zand y =6 when x=4,z=9. Write y as a function of xandzand
determine the value of y, whenx=—8 and z=12.

8. If p varies jointly as g and 7 and inversely as s and t', p = 40, when ¢ = 8,
Find p in terms of ¢, 7, s and 1. Also find the value of p when g =—2,7=4,5=

4whenb=8andc=09, then what is a
=4 andr=3, find p whenq=6and

when b=2and

55,5:3:’:2'
3andrz-l.

Use online calculator,
Give examples of joint variation / direct and inverse variation from daily life. Write down

these examples on flip chart/ chart paper and present your work in class in groups.

Unit 3 Variation

K- Methoq

Let: a:b:c-
€:d bea Proportion thep

|l Example
R e
=— whenb, ¢
b d 7 s fare non -zerq numbers, then prove that each

of the ratios is equal to the fo]lowing ratio
S,

fa+me + pe
i b+
{_Solution | e
b d f_k
a=bk, c=dk,e=
la+m
mﬂﬁfzw _ Kb+ md+ nf)
md + nf tb+md +nf (Lb+md + np) o
l Example [[T3 '
Provethat £-C_¢€ _atc+e
b d f bid+f
(_Solution | .
.2 & Beautiful numbers relationship
b d f '

a=bk,c=dk, e=fk
or ' a+c+e= bk+dk+ fk
or  a+c+e=k(b+d+))

atb+c _
‘bid+f

'f+i’+1= 153 o ts

I 125427 =153 S

k=

s
b d
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Unit 3 Variation Unit 3 Varidtion .

=

bze  c-a  a-p thm(a+‘E’+“)(3"‘2l"+z)=¢zz+af?,lr’+cz

' . e _ﬁi,‘tfiifj'
3 — a_f_:..-:: 2 2 y EXE .
¢ | Example [[{] Prove that 3= 7 ped+] IL1f a:b=c:d then proye g —d_ -
s i) -
Solufions a_t_ L=k () 2a+3b_2+3q
LIRS b 4 S 2a-3b 2c_35- () pa+gbima—np=
_ bk c=dk, e=Fk no=pc+qd: me-nd.
a=bk, ¢ 27,2
e 2 !;’k}' = dk ¢=rk | 2.Provethat Z=Z_€_ Pa’ +qc* 4 &
or di=idde 1.5 7 i b d F A
] 2, p = BE T = P +qd? 4 f7
] a;+c:+ez___bzk2+d1k+fk | 3.Ifxy=.£:_z_=2‘x : qa” + f
H 2 1 2 4 €N prov .
: Frcite _p2 x y Prove that: x=y=
| j W k ; [ numbers and x+ y 4 z 4 4 Zw.here X, ),z are non-zero
11 | 2y+2z— :
} Frire plat= a0 XX T Doy 2x4dy-,
13 pid+f b d J i b o »thenprove that
. X S
| ¢ d x, y,z are non-zero numbers then ! — - I®
[ i | Example {8 If E=;=; where a, b, c and X, - . 2b+2%-a 2c+2a-p 2a12p-¢
| —_— 3 5. Prov : > . =
] prove that. rove that each of the fraction in:
‘ i — Xty - y+z _Z+x .
p : ;__So_l_,l-ﬁl‘_,!l_-—-l | a+b b‘l’C y c+ 15 eql-la] to E_tz_ti
I 3y 2 _3nz T a+b+c
.I | s oL oxtaz _ay+ix
I =
|

a
T a=xk, b=yk c=2k O 3
}‘. ' e 1 P 1 E ] @ NE—= .. ¥ =
{ E Hem L=— —=— b — e e A
E{ or —=n g e K . ‘ (b+c-a) (c+a-b) (a+b&c)’the?(b C)I"'{c—a)y-i-(g_b)z:&
. 3 o el : (ii) 8. 1F2
P D m—, A m— —_— = - x+3y:3 + i
or 7= i : Yy +4z 4z + 5x = . .
& K ok e Kk X 4"1"5b.3b—a'2b_3a then
. 3 7x+6 -+ =
| y +8z=0.

For equations in (ii) sum of LH.S =Sum of RH.Si.e : | + Challenge E" ¢
| x L 3"1_: '

P e
———

T T .
. T —

x3 ys 23 1 1 1 3 -

S et =S (i) 9, ¥8=b_@-9

Fr e rEEE : e _),theneachofmemisequalm b(f-d) + (cd-af)
. e=f : e(f-d) :

f‘

For equations given in (i), Product of L.H.S = Product of R.H.S. |

xyz_ 111l . .

. Do i ing i ing i
¥you notice anything interesting in the following multiplication?

| 138x42=5796
_AIIS\\’L'[‘;

(iv)
All digits are used




Unit 3 Variation

n variations

.t

Real life probl

ems based © . -
¢ top of 2 pill, The distance it falls is

is dropped from o

|, Example (8] A stong

i ! he time of fall- o.Start._Omis
proportional to the square of the time 0 ar docs it all
The stone falls 19.6 m after 2 seconds, hoW ar Aftar 1 second
after 3 seconds? 'f 8.8 mis

g 2

Jution | We can use: d=kt ;

| Solution. st tmeof gl |
After 2 saconds

Where: d is the distance fallen a

Whend=l9.6theni=2 FA
19.6=k* 2 mis
19.6 = 4k = k= 49
So now weé know:
4=49¢
And when t= . After 3 seconds
g=49x3 =441 el
So it has fallen 44.1 m after 3 seconds. mis

() Example Bl Height of an image y on @ screen varies directly as dista

[;r;Jet:_tor from the screen. Height of the image is -

20cm when distance of the projector from the screen
1d the projector be

is 100cm. At what distance shou )
that the height of an Image on

kept from the screen SO
the screen be 15¢m.
[ Solufion-§ y<x or L=k (i)
¥ &
when y = 20cm, ¥ = 100 cm
Putting tl)ese_values in (i)
R BPE S
A.74100, 705
Putting y = 15 cm andk = 1-in equation ‘(i)
x 5
or *x = 75cm

Hence the distance 6f_ projector from the.screen = ',’Scm L

nce x of the

Unit 3 Variation . . F -i

Example 21
! 1| The rat;
4.8:2. 1f6kgof 110 of the mass of "
sand are used, how much and to cement in a particular type of
s uch cement is e of concrete is
needed?

Sl)lllthI‘I L
et e alllounl quulre Of cem g
th d ent bc X k en th

sand : cement ~

48:2
This is direct proportion G
20k Vol :_*,h-"':t '.'_:::-.
% e =5 o

Cross -multiply: 4.8 x
i x-_—2><60rm0res.
: imply, 4.8x=12

Solve this equation for 12
X. = 3 =
x T which gives x=2.5.

So 2.5 kg of cement are needed

22
o L__ 4 ?eople can paint a fence in 3 hours
i) How long will it take 6 people to paint it? |

(ii) How many-peo
"people are need P
R Rine camire ceded to complete the job in halfan hour? (Assume every
. one

'ioluhﬁon It is an Inverse Proportion:
s the number of pe ainti
CK people goes up, the painting time |

As the number of
e, people goes down, the painting time |

(i) Wecanuse: ¢ = ¥ :

it o= - Where:. t = number of hours "~
k = constant of proportionality
n = number of people

|l4 . .
people can paint a fence in 3 hours" means that =3 when n=4

Therefore, 3 = : = k=12
4

12 12

So t= ~ And when n=6, = T = 2 hours
sﬂ 6 people will take 2 hours to paint the fence.
2 n

the job in half an hour.

So it needs 24 people to complete
h other's way!)

(Assuming they don't all get in €ac




il o "

L —

Unit 3 Variation

y [Exercise 35

anks. The thickness (T) of the hedge varies directly as the

ake 12cm thick edge. Find
en number of planks is 6.

1. A hedge is made of wooden pl
number of planks(N ). 4 planks m

(i Thickness of the hedge wh
(ii) Number of planks when thickness of the hedge is 9cm.
'p' of water at any internal point varies directly as depth 'd' from
when depth is 7em.

7. In a fountain, the pressure
the surface. Pressure is51 Newton/cm’when depthis 3cm. Find pressure

3. Pressure P of gas ina container varies directly as temperature T. When pre
n temperature is 150°.

ssureis 50 N/,

temperature is 75C°. Find pressure whe!
4. If 8 persons complete a work in 10 days then how many days would 10 persons take to
complete the same work?
p = 300 N/m’ when V = 4m’. Find

<. Volume of gas 'V' varies inversely as pressure Py

pressure when V = 3m’

&. Attraction force 'F' between
Fis 18 Newton whend

s square of the distance 'd

rsely a
attraction force is 2

two magnets vary inve
distance when

is 2em. Find the

between them.

Newton.

~. The volume of a right circular cylinder varies jointly as the height and the square of the
f a right circular cylinder, with radius 4 centimetres and height 7
3. Find the volume of another cylind

radius. The volume 0
centimetres, is 352 cm
height 14 centimetres.

1. At the end of each question, four circles are given. Fill in the correct circle only.

(is. Direct variation between a and b is expressed as.

= 1
O a=b O =g Q a«xb. @) ao:lb
G, If moc— then
n
R Q= 0 2=k O mn=k

m). i i
(ifi). Identify the item that does not have the same ratio as the other three.

O 3to2

QO 4tob O 23

erwith radius 8 centimetres and

Unit 3 Variation

(iv). If

a_c
—=—th
b g hen by alternendo property
o ﬂ—b=c~d
b d Q __a_- o2
9_=£ a+b c+d
e d @] A
(), H7T:19:5%x:97 oA
O x=21 O x=3
(vi). The third : b :
_ proportional of x and y is Y
O x o 9 3
" : : ¥ 0] Zt— O none of these -
i xoc}— andya:;ﬂ-mn
O ocl
“ AN O xocz O wxz O x«x
(viii). If2a+1:21::4:7,then y
O Gzﬁ @) a=]'—1
. f 2 O a=10 @] a:g
(ix). HE=£=2 :
) b = 7 then each fraction is equal to
La+ mb+ ne fa+
-+
£d + me+ nf b+ m;. =
Lokmeine fa?Eb:f:If
T I
o W:d+nd+ef (b+me+nf
X). ich of the follwing is a situation in which x varies directly as y?
; ?
O x=— O xy=6 O x=x 0 x=]
y ' "_F‘_-v

3, Find -
Find the constant of variation, when s o £ andt=10 whens=35.
§ el

i If y =4 when x =3, find the value of x wheny=9.

4. Pressure of gas ina closed vessel varies directly to temperature. If pressure is 150 units
at will be the pressure if temperature rises to 140 units

: then the temperature is 70 units. Wh
5 }1{1 an el_ectric circuit, current varies inversely as the resistance. When current is 44 am
he resistance is 30 ohm. How much current will flow if resistance becomes 22 ohm. 4



- Unit 3 Variation

| 6. Ifavariesjointlyas b and the square root of c,anda=21 when b=5andc=36,finda when
p=12 andc=225.

7. What number should be
proportion?

8. What number must be subtracted from each 0
arein proportion?

9. The ratio between two numbersis 8 : 3 and their di

10.Find three numbers in continued proportion suc

squares is 84.

11. The mean proportiona
12.Find the angles of a triang

added to each of the numbers 3,8,11 and 20 to make them in

£6,8,7 and 1150 that the remaining numbers

fference is 20. Find the numbers. _
h that their sum is 14 and sum of their

| between two numbers is 6 and theirsumis 13. Find the numbers.
le which are in the ratio3:4:5.
ac(a+c) _ (a+ c)3

13.1f 2= £, then prove that —— -~
e e TR (brd)
az+ab+b2=a2-—bz

en prove that o 11 5 =3
¢ btbctc® b ¢

14.If a, b, ¢ are in continued proportion th
3 3 3

, then prove that _‘i]_tfa—i’—e—!— L0

P+d+f bdf

e Arate isaspecial type of ratio.
o Arateis acomparisonoftwoq
Aratio compares two quantities of the same type.
° Aproportionisa statement expressing the equivalence oftwo rates or two ratios.
Two quantities are in direct proportion when one quantity is doubled, the other quantity is
also doubled; when one quantity increases x times, the other quantity also increases x times.
Two quantities are in inverse proportion when one quantity is doubled, the other quantity is
halved; when one quantity increases y times, the other quantity becomes 1/y of the original.
Q Ify varies directly tox, theny = kx, where k is a constant and k=0is direct variation.
° Ify van'f:s in-ferse]y tox, then xy =k, where k is a constant and k =0 is inverse variation.
;23(; ;g’;?s?g;;ti}; :‘1?1 (t;;g.or more quantities x and z, then y = kxz, wh;re k is a constant

© Let: a:b:c:d beaproportion then|=l=k (say)

uantities of different kinds.

Thus a = bk, ¢ = dk

In this unit the students will be gbje
e eto

4 D i
eline proper, improper and rational fractj
[ )] fi on.

@ Resolv I
| fraC[iD:S :f[;]ciligt:t;ralc ﬁ_'ﬂction il'.IIO pan]al ‘,J.e;s: e
i o non-re enominator consists of ;;‘::-; 4.!}
| g repeatedﬁitﬁd linear factors, .-\:-"._',3"53’;:- 4x-1 'y @ £
ot “"“'l‘epeatezar - s ;Bi".i, (x+2)(x-1) e
O repeated quadratic factors, " %5 9, x-1) S8 "§" ",
quadratic factors, . Log P s g’};}"?‘j--.‘.
: o

The partial fractions i
tions is simpl 5
example, itis v simpler, which can hel
ery usefulin calculus, which is ab;;?:l'nsgg;aﬁom complicated fraction. For
ematics. T

¢

Partial fractions

l We can do this directly: R b i

| Like this: L A

; 2.3 _2(x-2)+3(x+) _2x-4+3x+3 _ Sx-1
ol 12 GD(x-2)  (x+D(x-2) x*-x-2

X-x=-2

| .. but how do we go in the opposite direction?

|
2 3 Sx-1
e T T
x+l x-2 xi-x-2

How to find the "parts" that make the single fraction (This is "partial fractions").




Unit 4 Partial fractions

‘ - Unit 4 Partial fractions
= - | Resolution of fract
action into partial fractions

with only one factor

[E)Rational fraction A rational
(iii) Wh .
en denominator O(x ) consists of n
on

\ Partial fractions - ct

“fnmmogcdmﬁﬂ“"%m Resluton o et acion 25 e

Hif_ sum is a given fractionis ca]l%d partial fraction the factors of denominator Q(x? (;l}l ¢ O(x)#0 into partial fractions depends upon
t El § Proper and improper rational fractions s e

! | function can pe written i the form: (1)) When denomi orQ(x) consists of non-repeated linear f )
i ominator Q(x ) consists of repeated linear factm:cmm

' P(x)
f(x)= ) (iv) 'Wh -repeated quad
§ en denomi ratic factors.
i Whrer P(x) and QW) are polynomials where Q@) %0 : . nator Q(x ) consists of repeated ;
E ; i e S, QUPEN BT fraction, Case1 [T PR G
ks . lPerer rational fraction ‘A:-anona C 0() S Vnen cenominater consists of nan-repeated i
b if the degree of numerator P(x) 1 ess -/ . Let pro i (63 i i
e degrosiol temominator %) ” ?y — iR | proper fracuor} % is given, factorize the pol : )
For example, g2/ 36 = \OREL is tiot alndlid i ynomial Q(x) in the denominator if it
2 yx-3 & 2 75 & ready factorized. To ev
_l__, = ;2' z, *',‘r"‘.'"-’- o CIa-7-3 7 2A | ery non-repeated linear factor ax+b in th -
el Bl s —x+1 = ¥ 2 P A | corresponds a partial fraction of the form i in the denominator
are proper rational fractions. s | icC 20 A | . I A is a constant. Thus if
y_ 2 0O Y\ Ii O(x) = (ax+h)(ax+ b)  then -

l[mproper rational fractions
PR A

A rational fraction f(_xl , O(x)#0 isasan improper fraction, if the degree of numerator 3
| Q(x) ax+ bl a,x+ bz

where 4 and B are constants. Similarly if

it \ @ :
|

: o)

} P(x)is greater than or equal to the degree of denominator o(x). = |

For example, a fraction that has a 1arget | - O(x) =(ax+b)(ax+b,)(ax+b;) then

X +4 g  AedEED X —x*+x+l ?ﬁb‘;‘ on the top thon | |1 P(x) A B C ,

T » ] ] s e bottom b L +

(x+1)(x+2) 241 Ba2x+d XHE 1 g e ginerato Ls ,) 1| 0® ax+b ax+b, ax+h,
. Any improper rational fraction can be reduced into sum of 64— Denominat Where A
i polynomialsand proper rational fraction by large division. i ere 4,B and C are constants to be determined.

e
d For example, consider 2 # an improper rational fraction, Divid 1
B s =y ional fraction. Divide numerd or l DA You K
| by denominaior as x-1 5 . < YﬂuKHO‘v‘? — - ——
| x+2 [
L What

x—lW__

%IZ F2x

s

o+ 3' -IxF 2

Therefore we have 1=2x+2+_. 3

=2 2
H x-1: x-1




fa®

Example Resolve -_-__'—-_.(xﬂ)l (x+2) into partial fractions.
~Solution . A B .
i (x+l}(x+2}=;:-;-l 42
A(x+2}+B(x+1)
B (x+1)(x+2)= (e+1)(x+2)
Multiplying both sides by (x+1(x+ 2) we get )
' 1=A(x+2)+B(x+1) (i1)
| i =-11 (2), we get
! e T= AE—T-:E ;h(-;(-lﬂ)
:. = 1= A(1)+B(0)

1=4
or A=1

utting x=-2 in Eq. (i), we get
s 1=A{—2_+2)+B(~2+1}

————
- - ———
—

} . = 1= 4(0)+B(-1)

H = 1=0-B

F } | Now putting these yalues of 4 and B in equation (i) We have
i i R e

:i (x+1)(x+2) x+2 x+2

i el

=>(x+1)(x+2)=x+l x+2

These are required partial fractions.

T ————

m

L o

111,111,111 x 111,111,111

= 12,345,678,987,654,321.

Unit 4 Partial fractions

Unit 4 F’ctr'cinl_fn\;h._m,l,,'s : - o
Hifieanle @ Find partia] fractions of
0
3x+2
| Solution | X —x—2
Since

2
¥ E=2=(x41)(x-2)
Therefore, __§._r_-1-_2___ 3x+2
2 S i
F=x=2 (x+1)(x-2)

Let ___g"_*_tg______ 4 B
G+DG=2) 2l 23 0
= _ 342 A(x-2)+B(x+1)

. (x+1)(x-2) (x+1)(x-2)
Multiply both sides. by (x+1)(x-2) we have
3x42=A(x-2)+B(x+1) i
Putting x =1 in Eq. (ii) we get. 2
3(-D+2= A(-1-2)+B(-1+1) .
= —3+2=A4(-3)+B(0)
= -1=-34
1

= A
3

Putting x =2 in Eq. (ii), we get
3(2)+2=4(2-2)+B(2+41)
= 6+2=4(0)+B(3)

=  8=-3B
= A=§
_3
Putting these values of 4 and B in Eq. (i), we have
. ' i _1~ §
s S (S o
(x+1)(x=2) x+1 x-2
S S
3(x+1) 3(x-2)
3x+2 1 8 These are required partial fractions. -

____———=.__n—-——+.-—-———
o 3T D -2




- Unit 4 Partial fractions

ists of repeated linear factors

m When denominaior censi

st,in the proper fraction -f—)g% the denominator Q) contains a repeated line
x

partial fractions of the foom ——= 4 4 J -, where A
O(x) ax+b (ax+b)

ar factor

+ B2 corresponds to two

\d B are constant to be determined. i
en the corresponding three

the denominator Q(x) contains the repe ated factor (ax+b)’, th

2 - ~ where A,Band Care constants to be

rtial fraction are ——=——+ e
o O(x) ax+b

—t
(ax+b)* (ax+b)

stermined.
Example '\ﬂ Find partial fractions of ——f——;
= 3 (x+l)

Solution ..
' PR B 8 T ()
(x+1)} x+1 (x+D)
x A(x+1)+B
= —_— =
_ (x+1) (x+1)
Multiplying both sides by (x+1)", we get
x=A(x+1)+B (ii)
= x=Ax+4A +B (iii)
Putting x=—1 in Eq. (ii), we get
—1=A(-1-1)+B
= -1=A(0)+B
= -1=B

=i
To find, the value of 4 compare the co-efficie
1=4 ;
putting these values of A and B in Eq. (i), we get
X 1 -1

nt of x in Eq. (iii), we get

(x+1) x+1 (x+1)
i

x+1 (x+1)’

These are required partial fractions.

NOT FOR SALE

Unit 4 Partial -fmctiﬂl“ls

i Exampl )
p e [ﬂ Flnd Paﬂial ﬁ‘a :
ctions of 2t 41

__Solution
(x___z 2 .
Let 2xt 4 V (x+3)
A2 L A B
(x 2) (X+3) x‘2+E‘____2-+ G
e 2 41 x=2)" x+3

Dy T
Multiplying both sides by (- 2 9 x=2) (x+3)
xX+3), we get

2x2+l=A
2x2+l AEIZ—Z){X+3}+B{X+3)+C(x_2)2
= X' +x-6 +B
e ) {,t+3}+c(xz__4x+4)

(4+C)x2 4
. . A -
it o, 8 (4+B 4C)x+(-6A4+3B+4C)
202) +1=4(2
= -2)(2+3)+B(2+
3 i 2
z 8+1=A(0}(5)+B(5)+C(0)2 P
9=0+58+0 = 9=58 — B:2
Putting x =—3 in Eq. (ii) we get :
2(-3) +1= A(-3
= A(-3-2)(-3+3)+B(-3
. k +3)+C(-3-2)
2x9+1=A(-5)(0)+B(0)+C(-5) ik

= Q8=
0+0+C(25) = c=;_9
To find value of 4 5
, compare co-effici
t B g co-efficient of x* from Eq. (iii), we get
utting value of C, we get
d 19
22 44+— = 2*}2= :
25 T A?;E
Putting values of 4, B and C in Eq. (i), we get
s 2 9 19
x+1 5 25
: =i2b +-__i_i+—_—2-5—
(x-2)'(x+2) *-2 (-2 ¥+3
2841 o 3 9 D

—_— 2 g
(x-2) (x+2) 25(x-2) 5(x=2)" 25(x+3)

These are required partial fractions.

2 A(x-2)(x+3)+B(x+3)+C(I"2)2

(ii)

(iii)

e e




Unit 4 Partial fractions

y Exercise 4.1 A
Resolve the following fractions into partial fractions. :
3x—2 . x-1 @ =
1. (D). “Fz.. % X

-, 2xt-x ¥ +6x+5 B
I 4 x ' . 4x+2 (6)- .-—2-—.-_-1—}'{‘;‘:6
i e x?+4x-5 (2)- (x+2)(2x-1) (=
| 2

e RETRE ) ‘
2 (x+2)(x* +5x+6) x(x—B)2 x +2x+

WS A
[x-—])z(x+l)

m When denominator consists of non-repeatcd quadra
n to every non-repeated quadratic factor

(10).

S e

S

tic factors

ax* +bx+c

PLEY2 =
Let the proper fraction Eg—x% is given the
in Q(x) which is not factorizable corresponds the partial fraction of the form

P(x)_ __f‘r_if—— where 4 and B are constants to be determined.

0(x) ax’+bx+c 1
[| Example Find partial fractions of -—-—1)-(;;;_25 ?
: N 1 A Bx+C @
| Solution | Let e
_ DOIETOR x+)(x*+2) x+l x*+2
A{x" +2)+[Bx+C)(x+1)

1
(x+1)(x* + 2)
Multiplying both sides by (x+ 1)(x* +2), we get

(x+1)(x* +2)

1= A(P +2)+(Br+C)(x+1) ¥
1= A(xX +2)+Bx"+Bx+Cx+C . '
 1=(A+B)P+(B+C)x424+C (iii)

Puttmg x=-1 in Eq. (u) we get- :
1=4[(-" +2]+[B(- 1)+C](—l+l)
= 1= A(1+2)+(-B+C)(0)
= 1=A4(3)+0

Unit 4 Partial fractions

We get, 0=4+p
and 0=B4+¢C
using value of 4 in Eq. (iv), we e
] get
1
O=-4+p
3
= [ps2) putti
uttin B--—
ey [ 3 g 3 in Eq (v), -—-*C‘ 0:;(,':;
ese values ofA Band C
in Eq. (i), we get
] 1 -
()Y 2o
G+D(P42) x+1° P12
1 I

P e —r+1
(e+1)(x*+2) 3(-”1) 3(r +2)

1 _.1 1-x
(x+1)(x*+2) 3{Jc+l}+3(x2 +2)

These are required partial fractions.

I Example {3 4x = 0 4x"-28 _ Ax+B Cx+D
xt-xte6 (P +3)(x*-2) x?+3 = o=

(485 BC T RN o e 2300

=(4+C)x* +(B+D)x* +(3C-24)x-2B+3D
Equating coefficients of like powers of x,

A+C=0,B+D=4,3C-24=0,-2B+3D=-28
Solving simultaneously, 4=0,B=8,C=0,D=-4.

49 -28 4°-28 8 4

x' = —6 K 4x 16 2743

Hence,

;
-2

RS




r- - " Unit 4 Partial fractions
e

m When denominator consists of repeated quadratic factors

{ Example m Resolve __.—-—l—-—-—-,— into partial fractions.
(x-D*+1)
1 " : |
(Solution.f Let SR Bt Jmes @
; (x-D*+1) ol atel (eal)

Al +1Y +(Bx+C)

1
3 (D) +1)

e e e
(x=D +17

Multiplying both sides by (x—

/ 1= 4G +1) +(Bx+0)

{= A0 2 +1]+{BI+C)[.\'3 —x+X

1= A(x* +2x° 1)+ Bx' — BxX’ + Bx’ = Bx+ o -Cx

+Cx-C+ px* —Dx+ Ex—E
+D)x° +(-B+C-D+ E)x
+(4-C- E)

1)(x*+1)" we get : .
! 4-1)+(D.\‘+E)(x—-l) (ii)
—1)+Dx3 —Dx+Ex-E

1=(A+B)x"+(-B+C)x’+(2A+B—(‘,‘

;.. . Putting x=1in Eq. (ii), we get :
1=A[(1)3+1]1+[B(1)+C](1—_l)[(1)2+l]+[D_(1);+E:l(141)
: 1=A[l+1]2+(B+C](0}{]+l)+(D+E)(O) -

:‘ 1= A(2) +0+0 e

1=A44)
! = |4= l
4 ;
Comparing co-efficients of x* X, x* x and constant respectively.
0=A+B - (i) A
0=-B+C o (iv)
0=24+B-C+D V)
Bl ~D+E i)
1=4A-C-E - (vii)
Using value of 4 in (iii) we get
0=l+B
4
= |[B=- i

(x-1)(F+D+(Dx+ E)(x-1)

-—

Unit 4 Partial fractions

Using value of B
Bin (4)w
¢ get

Using values of A
' »Band CinE
q‘(v)awe
0:2(1]+[‘1 I gel
4 4 h(":{]i-[)
1
O0=—-
2 %*%w
1

04— i
2+_D _ |
i

D=} . , |
2| - |

Using values of 4 i ii
and C in Eq. (vii), we get I
i
i
]

1 1
ot b 2
4{4]‘9
I
T
4+4E

1
l=—=EF
2

2 2

F=— |
Putti 2 Sy
utting values of 4, B, G, D, E in Eq. (1), we get
1 ot Tied
g A g A

(x=D(P+1) ¥~

|

1 —x-1 —x-1
R 4 3
4(x-1) 4(x+D 2P +1)

] ., 1 x+l x+l

TR 4+ 263+




partial fractions.

Resalve the following fractions int0

s 2. = ;
M- @+ (x- D&

-3
s B (5)-
@ FF+9
o 4y -5
Sy -t @) i
(x* +4)

7. i o
% (x* +1)" (x-2)
2x*+ 4

1 — =
10 GEyG-1)

.)_ A
X +3x+1 3.

B TSR
(x+ 4)'(3.Jt1 +1)

r circles are given. Fill in the coO

Unit 4 Partial fractions -

. Exercise 4.2

2x+1
(4D (x -1
L TE
(x+D& =2

5

8x°

+3)

—
©)- (o +1](1-x“}

rrect circle only.

1. At the end of cach question, fou
o]
R 1 1
1
L }_IHF?:? O 2G+1) 2x-D
1 1 ar "
O 3G-n 2:x+D 9 357" g+l

(i) If P(x)and O(x

O Rational fraction
O Proper fraction

2

X +2
xt+2x+2
O Proper fraction.

O Irrational fraction
(iv).What is the quotient when

is

(1id).

3 — 8% + 16x— 5 is divided by x - 57

O L-x+5

P& 0(x)#0 s

) are two polynomials then ——»
o)

O TIrrational fraction
O Improper fraction

O Improper fraction
O None of these

O £-3x+2
O 2 +13x-49+

240
(x+5)

Unit 4 Partial fractions
2. Resolve the following fractions i .
n 1 ’
o2 'O pertial fractions,
. 3 !
GGy G ESE e 31
3 X —
: x+1 g (if)). 5 ——=—
G i j x -2x"+x
(x-1) ). :
3 e fep e
(vii) ﬂfi 2x Wk
= s 201
(x“+1}2 (\11;)' x3+ : i 4.Y2+3.t+14
x 1X). —f 3
Challenge !

3. Resolve the followi .
ing-fraction into partial fractions. X3 +x+l

(x+1) (2 +1)

@ If 1 (X) al]d Q Xx) are two pOlyIIOInlals a.nd X) 1snon zero polylloﬂl]al than ﬂlc

fraction ')
X

A rational fraction i
ion, O(x) # 0 is a proper rational fraction, if the degree of numerator

P(x) is less than the degree of denominator Q(x).

is called a rational fraction.

num i
e e.rator P(x) is equal to or greater than the degree of denominator O(x)
plitting up a single ration al fraction into two or more rational fmction— with single

- @ A rational fraction m i .
) ) Q(I)i 0 is a improper rational fraction. if the degree of
factor in denominator, such a procedure is called partial fractions.

\ 1x1=1
11x11=121
111 x 111 = 12321
1111 x 1111 = 1234321

11111 x 11111 = 123454321
111111 x 111111 = 12345654321

1111111 x 1111111 = 1224867654321

11111111 x 14111141 = 123456767654320 -

| 1t x it =
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© on i ;
to function (surjective fy

o One-one ncti
and o < ion).
@ Examinewhethera g nto functin (bijective funct
agiven relation is a functi sy
10n ornot.

@ Differentiate between ope
-0

@ Includesuffici Nie-one corres
lent exercise t pondence and one-one functio
mn.

]al'.i ﬂ i T h ah( IVE C( mcepts
1 y!d] €r ntla‘ebe A eent
oc ¢ c .

Why it% im portant

Perhaps the si
Ingle most impg
heart of the functi ok i 44
: FiCH 00 o ncept in mathematics i
s is that of a functi
on. At the

g ‘ Correspond ptis the idea of 3
ences b fa correspondence between two sets of object
jects.

E,O,P and Q.
etween tw
example to each item in supy 0 sets of objects
in supermarket th occur frequently in :
ere corresponds a price (i every day life. For
price (ltem — pﬁca}

n this

@ Recall the sets denoted byN,Z,W,
@ Recognize operation onsets [(UNgRs
@ Perform operation on sets
o umon, =

i o intersection,

i o difference,
] o complement.
@ Give formal proofs of the foll

three sets.
Commutative property of union,

Commutative property of intersection,
Associative property of union,

Associative property of intersection,
Distributive property of union over intersection,
Distributive property of intersection over union,
De Morgan's laws.

@ Verifythe ﬁmdamentalproperties

? - @ Use Venndiagram to represent
o union and intersection of sets,

es of union and intersection of two or

owing fundamental properti

o000 O0O0O0

for given sets.

] ﬁi;i.:i“é Some im'po'i't"ant sets

:{' o complement of a set.
® Use Venn diagram to verify
! o commutative law for union and intersection of sets, | N = Set of na
g o tural numbers = {1, 2,3, v}
i o associative laws, / = Set of whole numbers = {0,1,2,3, .- } 3
f_ o dlistribuiive laws. : \ Z =Set of i : : e S
i ® 'Recogni?.e: ordered pairs and Cartesian product. (4 o P, . - Blgen ={0, £, 42} £
§ ® Define binary relation and identify its domainand range. #.-:_.':""" ; P 0 R E =Set of even integers =40, 42, A1 £
i ® Deﬁnefupctionandidentifyitsdomain,co—domainandran e —— S | 0=8 ' 5 W z
¢ 0 Demnstga!.cthe fOﬂOWi.ﬂg: ge. et Of odd il’ltegéfs d = {.'t 1, * 3_. ) 5, ...} E :
i * o into function, ; . : P= :
g o '§néoﬁe5ﬁlqcﬁéh, | _ Set of prime numbers = {2, 3,5, 7, 10}
into and ‘one-one function (injecfive functi '
on), = .
tion) Q = Set of rational numbers = {.\'|x=£. Q$0AP‘QEZ}
q.




= Operation on sets

(a) Union of two sets

IfAand B two sets then union of set Aand se

both Aand B, and it is denoted by AUB. In setbuilder form,
AuUB={x|xedor xe B}

Example [ If A={1,2,3}andB={3,45 6}
then AuB={1,2,3} V {3,4,5,6}
={1,2,3,4.5 6}
(b) Intersection of two sets
IfA and B are two sets then i
are common to both Aand B anditis
AN B={x|x<—:A A xeB}

(c) Disjoint sets
If A and B are disjoint sets then

t Clearly here A and D are disjoint sets.

i (d) Difference of two sets
! If A and B are two sets then their difference consists of all those
elements of A which are not in B and it is denoted by A\B or A-
B. In set builder form

A\B:{xixeA;\xEB}

Example
If A={5,6,7,8}, B= {7,8,9,10}
Then A\B={5,6,7,8}\{7;8,9,10}
= {5, 6}
and |
B\A= {7,8,9, 10} \ {5,6,7, 8}
={9,10}

(e) Complement of a set
IfUisa unive_rsal set and A is subset of U then U\ A is called
complement of the set Aand is denoted byA’orA‘ ie. A'=U\A

t B consists of all elements insetA

ntersectionof setAandset B con sistsofa
denoted by ANB symbolically.

AnB=¢
Example [ Let A={L23% 5},B={3,4,5.6,7}
9 Cc= 511,12}, D={8910}
Then

Unit 5 Sets'an'd _jun:tions

orinsetBor in

11 those elements which

AnB={1,234,5 Nn{3,4567 = (3,4,5}
.! and BNC={3;4,567 ni> 11,12} =(5}
' A~D={1,2,3,4,5} n{89 10y=1{ }or¢

For your infor ationsy
George Boole (181 5-1864)
introduce a symbolie
approach to the +study of
logic.

This allowed him to clarify
difficult logical problems
in symbolic forms based
on sets.

The algebra of sets having
union and intersection
as its basic operations
is known as Boolean
Algebra.
Today Boolean Algebra is
used widely as a tool to aid

sound reasoning.

- Unit 5 Sets and functigns

Example “‘ﬂ If u

=112
. A={3,4, g}t’ni’?
(~Soltion ] ) 4 Gy Bf¢,thenﬁnd

A‘:—.U\A o

_-{1‘2!3 4 5
Bt - 12,6} +5,6}\ (3,4, 5

] ;354’5,6}\¢
- {1’2’3=4,5,6}

e

1. ]fA= {1,2, 3}’B= {0’ l} 3I'[dc=

B o 4 {1,3,4
0. AVB g
2. Find A \B and B\ A whe(ff]' e (vi).

(). A={L3,57,B=3,45¢78)

(i), A= {0,il,i2,i3},B= 1,-2,-3}

(iii). "A=1{1,2,3,4
# B B B RN £ B=
5 lﬂé: (1 8, 207 Ao {}2’4 6{1,32,05), y
B= {1,3,5,... 19} andC= then find
(U{ AA,GB, (i). B (ii).
(‘:, - (vi) A'nB (vii
A If\:“). r‘\C_ (x). BucC "
] e U = set of natural numbers up to 15
agd A f set of even numbers up to 15
B = set of odd numbers up to 15
then find.
EL). g v P:' (ii). A'NB (ii).
). N A (vij, BUB (vii).
m. Properties of union and intersection
(2) Commutative property of union
If A and B are any two sets then
! AUB=BUA
Proof Let xeAUB
= xeAor xeB
= xeBorxeA
= xeBUA
Hence @

AUBcBUA

AuC
ANA

C!
A'uC

AnA

(iv). A'UB’
(viii), AnC'
(1v). [p'

(viii). AUB'
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- Unit 5 Sets and function® : ahveiily; =
’ Let
~ (b) Commutative properly of intersection % xe€(ANB)nC .
3y _ Conversely = xeAnB
Let xeBUA = xeAand and xeC
= xeBor xeA s XEAandxeBandxec
= xeBor xeA ) o xEA{‘\{BXEBnC
. y )
z J,E)‘;;OT xeB Hence (AAB)AC Q)
xe AUB . F . SAN(BNCQ)
Hence BUAc AUB (i) rom (i) and (i), it follows (i)
From(i) and (ii), we have _ ; An(BnC)=
| (A("B]
AUB=BUA () Distributive pr e
(c) Associative propert of union | ¢ property of unior : ;
sl IfA,Band C 1 over intersectio
If A, B and C are any three sets then | : are any three sets then 4
' = & Av %
Proof Au(BUC) (ALBIY ! Proof (Bﬁc)'(AUB}ﬂ(AUC)
k Let -xeAU(BUY 0 ) | Let xeAu(BnO
= xeAor xe BUC e
= ceAor xeBor xeC = tiiorxegﬁc
= xe AuBor x€C ' i -t ;EAOTIIEBandeC
— xe(AUBWVC | ™ xeAE,lr;EBand xeAor xeC
il Hence Au(BUC) (A uB)uC ()] [ = and xe AUC
5 Conversely . | Ny Q0 (Bx rf é;& L»('i) N ]gA uC)
A £ g U
! I Let xX€E [AUB)UC I. Conversely, 3 )N(AUC) (M
| =¥ xeAuBorxeC '. Let ve(k
fl — xeAor xeBor xeC € (AUB)N(AV Q)
| — xeAor xe BUC ) = xe AuBand xe AUC
! = e Au(BUC) z x_EAor xeBand xeAor xeC
! Hence (AUB)UCQAU(BUC) (i) : xeAor xeBand xeC
I From (i) and (i), it follows that | = xeAorxeBnC
{ rom (i) and (11), . | 25 e ANHBAE)
Hence (AUB)N(AUC)cAUBNO (&)

AuBUC)=(A uB)uC

(d) Associative property of intersection - L % B _ =
IfA, B and C are any three sets then ‘ rom (i) and (ii), it follows
AABNC)=(ANB)NC — 'AUWﬁO=MUMmmUO
) Distributive property of intersection over union

Proof ABAC) :
Let xe An(BN f
Ty i gt », | A, B and C are any three sets then :
— xeAand xeBand xeC . Proof Aﬁ(BuC):(AnB)u{AnC) \
l . Let xeAn(BUO

= xe AnBand xeC
— xe(AnB)NC L.
Hence Ah(BnC);(AﬂB)mC ) |

= xeAand vre BUC
= xeAand yveBor xeC
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(&
= xeAand xeBorxeAand:_X'EC
= xe AnBor xe AnC
= xe(AnBU(AND) ;
Hence An(BuC)c(AmB)u{Ar\C) M
Conversely,
Let xe(AnB}u(AﬁC}

xe AnBorxe ANC
xeAand xeBor xeAand xeC

yeAand xeBor xeC
yeAand x€ BuC

= X€ An(BUC) -
Hence (AmB)u(AnC);An(BuC) (ll),'

From (i) and (ii),
An(BuC}={AmB)u(A Q)

tuid

De Morgan’s Laws
(g) IfU is.universal setand A

() (AUB =ANB (i)

and B are any two subsets of U then;

(An B) =A'UB

Proof
() Let xelAu B)
xe AUB
ygAand x¢B
ye A and xe B’
xe AnB
Hence (AUB) c ANB
-Conversely,

Let xe AnB
ye Al and xe B’
xgAand x ¢B
xe AUB

= xe(AuB)' ; g
Hence A'MB'c(AUB) (if)
From (i) and (i), it follows :

(AUB) =ANB'

t 44l

(1)

U gl

Unit 5 Sets and functions _
i N B,

Proof (i) Let ye(an B I i .
= X £ANB | .
= Y¢Aand ygp
= xe N or xe B
= xe AUp

Hence (ANB) cA'up
Conversely - @
Let xe AUR ’

xeAor xep

YéAand xgB

x¢ AnB

xe(AnB)

Hence A'UB' c(AABY

.. F rom (i). and (ii), it follows

Lduy

(An B}' =A'UB' (ll)

. \! r!ﬁC‘ ion ndal‘l € ta p t 10n a dlllelSECtlﬂll
en l r()per |Esofun nan
{‘[) ( ommutative pIO])CIly Of“I“Un

For any two sets A and
B,
li Example [ ' B

If A= { I 23}
B={456}, then
AUB={123 Ju{ 456

and BuA= {456}u{12

Hence AUB=BUA

b) C ati
( .) Lmllmumiwe property of intersection
Forany twacots A gpd P A ~R=B~ A

_Il Exa:ﬁﬁle (6
L Solution | 1t A= {a b c}

B= {b c d e}, then ,
ANB :{a, b, c‘}h{b. e, d, c} -
' = {b, c} : .
and BnA={.cd eln{a. b, ¢}

-{.c)

Hence AAB=BNA

|_Solution_ |

I~J ro

U| l)-
(=3
e,

=1,
=1t




h:‘- = .-

¢) Associative property of union

For any three sets A, B and C, AY

s Example
¥ A={345}

B={567}
and Cs= {8,9,10}, then prove that

(guc)=(AuB)UC

Au{BuC)s(AuB)uC
AuBUO) =34 syu[ {5, 6 73U {8, 9 10}]
={3,4,5}u{5,6,7,8,9,_10}
; ={3,4,S,6,?,8,9,10} :
and (A UB)UC=[{ 4 5}V {5, 6, 7}uis. % 10}
={3,4,5,6,7}u{8,9,10}
-$,4,56789 10}

Hence,
Au(BuC)=(AuB)U G

(d) Associative property of intersection
For any three sets A,BandC, AN(BNC)=
|y Example: B
If A= {1,2,3}
B={2.3 A}

and C= {3.4,5}, then prove th

AnBAO={,23}n[{23 0,4, 5}]
={1,2,3}n 3.4
={3
e md  (AnB)NC=[{2,3}n {23, 4}]n 3. 4.5}
A ={2,3}0{3,4,5}
-]_.'_f':' ={3}
Hence,:

CIARBAC)=(ANB)C.

Yier

~ Unit 5 Sets and functions

at An(BNC)=(AN B)NC

(e) Distributiy
¢
B Property of union gyer ; h
Yy three sets A, B ang ¢, A erintersection -
»AU(BNC

i Example (B} Let A={123
4 “1he ,4}

‘B={56,7}.
and Cz{?,Sg}}

then prove {
halAu(B
(AuO).

)=(AUB)N(AUCQ)

__Solution

AUBNC)={,2,3,4

23,4300 5,6, 7}

={1,2,3,4}u[{f} st
=[{1,2,3,4,?}

={L.2,3,4}0 6,6, 71|~

Ny o 7},.\7{}9, 2’[3,'(,1,42,7 3,84;J {1,8,9}]
={,2,3,4,7} -

and (AUB)N (A uC)

Hence,
e 'AU(B NC)=(AUB)N(AUC).
a_nrs Ebutwe property of intersection over uni
l y three sets A,Band C,LAn(BuC)=(A 9t
)‘Example fli] Let A={ab,c} Fixan
- B= '{c, d, e}
and  C={efg}
| then prove that An(B =
_Solution_| Sy

ANBUC)={a,b, c}n[{c, d,e}ule, f, 8}]
={a,b,c}n{c d,e f, g}

)
and (AN B)uU(ANC) =[{a, b, cynfe: ds t‘}]U[{ﬂ, b, c}nte f g}]
={cju{ }
={}

Hence,

An(BUC)=(AnBV(AN 0.

NOT FORSALE X




: (g) De.Morgan’s laws '
" For any two sets A and B whi

o . T . 5 Sets and junct'lons
. ni

fuU

ch areé Subsct,s .
i1)

’ ] 14 d
@) (AUB) = ANB 0

| Example [{§

T 2,345
(_solution-d If i=§2,3}
p={3.45
@) AuB={2. 3V B )
~(2,3,4,5}
(auB) =U\¢VP

(i)

) it follows;

i) and (i '
From (i) an Ch By =A'NB

(i) No\:nB: B 6.4 5
=3}
(AnB) =U-(ANB)
(AnB) ={,2,3,4 56\ 3}
={1,2,4,5,6} (,')
1
adso  A'UB'={L4, 5,6)0{1,2, 6} :
={,2,4,5,6} - (ii)
From (i) and (ii), it follows; (Au B)=A'nB

O FOR SALE

S
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s Exercise 5.2

1. Verify commutative property of union and intersection for the following sets.
(). A={1,2,3,...12),B=1(2 45,8, 10, 12)

(ll} A=N sB={x|x eN A x isaneven integer}
(ii)). A= Set of first ten prime numbers.

B = Set of first ten composite numbers.
2. Verify associative properties of union a

(1). A={f{ab.c ...... z}
B={a,ei,o0,u}
C={a,d,i,1,m,n, 0}

(i),  A={1,2. 100}

. B={2,4,6, .... 100}
C={l. 3%, .. ... 99}

nd intersection for the following sets.

3. Verify distributive properties of union over intersection and intersection over u
(). A={0,1,2}
B={0}
C=¢
(i) A= {0,+1,%2, +3, +4, +5}
B={-1,-2, -3, -4, -5}
C={-1,-2, +3,+4}

4. Verify De Morgan’s laws for the following sets.
(1). U={x|xeNA1£xS20}
A=12,305 141, 12,13,123 -
B={1,4,6,8,10, 14,17, 18}

(). If U={1,2,3,.... 10} \}:Eg
A=1{2,4,6,8,10} S
B={1,3,5,7, 9} :

o Venn diagrams

A Venn diagram is a visual way to show the relationships among or between sets ti
Something in common. Usually, the Venn diagram consists of two or more ove

circles, with each circle representing a set of elements, or members and univers

represented by a rectangle. If two circles overlap, the members in the overlap belon;

Sets; if three circles overlap, the members in the overlap belong toall three sets. .



| Example ([B} Draw Ver®
(iy AandBare overlapping sets.

pE—— z union.
| Solution..J Ver® diagram® Of
Japping Sets-

(i) When A and B ar¢ over

diag!-ams fOr A\J
(ii)

ANB

(iii)When AC B

Wine =
~EL ulU JUNCTions

B A/B and B/ A when;
(i) A cB.

When A and B are disjoint sets.

(i)
E
AUB

and B are disjoint sets.

(ii) When A

Unit 5 Sets and functions

(b). 7
~a

S Hiarrs o

M OIavrrs

ik sl am
et Sy

. When A
and B are overlapping sets

WhenAg B.

L .

S of A\B.

When A and B are disjoinfs sets.
0]

U =

—
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UX Yerin ingritts of De. Morgan's Lay
) ‘é"‘;mum?ﬁ_&m

Unit 5 Sets and functions

i -

HAad I3 4 L ;'_,-};V- lwo s els th”
(i) (AUB) =AnB’ (i) (ANB) =A'UB'
Venn diagrams of (AU B)
SRR
\\ \
" A | B
o \ E:
\“*\’<§“\‘<<\\
(AuB) (Fig. 1)
Where U is universal set and A and B are overlapping sets of U. Here AUB
| is white partand (A U B)' is shaded part.
: *f:J":“ﬂLmev"- _____ =y : Venn diagrams of A’ B’
: ding! —— , f AU(BUC),
| - 4 C are any three sets then draw Venn diagrams O —
_ B an =
y Example {8 I(f: " BnC, AU(BAC) and AN(E W) ' = i
__ Solufion - iy (AnBINC ——— =
(i) AUBUC) SRy —— | -
. e
5 ‘%é 15:_:
it i3
2EISEIEIE RS e a

InFig. 2,
A'=TU\A s represent by vertical lines.

AUBUO)
(i) AuBNnC)

B' = U\Bis represent by horizontal lines.

Therefore, A'nB' is represented by " lines i.e. horizontal and vertical lines

Cross each other as shown in figure. (AUBJ = AnB’




. Inthisfi

In Fig— 4s

While

Hence

jagrams of A'UB

A’ is represented by vertical lines
B' is represented by horizontal lines
A'UB' is represented by either lines.

From fig 3 and fig 4, we see that

(ANB)=AUB'

Unit 5 Sets and functions o | Unit 5 Sets and functions ¥ i . . -—."-:'

Verification of fund;
* fundamental properties with the help of Venn diagrams

Example f A=(1,2,3 4
g={3;41556}
n ::{3949?93}
('li")hen ;egg tha; following with the help of Venn diagrams
=BUA ‘
e A (i) AnB=B
Ei’;) Azggu?_(AuB)UC (iv) An(BhCr;A{AnB) c
| i 4 = ry
AU ) (AnB)n(AUC) (viy An(BUC)=(AnB)N(ANC)

? " Solution
\ (i) AuB={1,2,3,4}u{3,4,5,6}
={1,2,3,4,5,6)
and BUA:{3,4,S,6}U{1,2,3,4}
={,2,3,4,5,6)

Venn diagrams are

A UB (Fig. a) B UA (Fig. b)

It is clear from Fig. (a) and Fig. (b), that both regions_representing AUB and BUA are

are identical therefore
AuB=BUA

(i) AnB={1,2,3,4u{3,4,5,6} ={3,4}
and BNA={3,4,56}n{,2,3,4} ={3,4)

ANB (Fig.a) BNA(Fig.b)
| Itis clear from Fig, (a) and Fig. (b) that both regions represeriing AnBmd BnAare
I are identical. Therefore,




Unit 5 Sets and functions

“ o AUBUO)= 1,23 4}u[{3, 4,5, 63" 8,47 8}]
b _g, 2340034 5,6,7,8)

i ={l,2,3,4,5,6,?,8}
\ and 23,408 4> 6jju 4T 8}
={1,2,3:4 5 6}u{3,4,7,s}

A
(AuB)VC (Fig b)

al lines and BY

e or both ways rep
Cis represcnte

l It Fig. (a) A 15 represented bY i
s lined either in on!

The region which i
AUB is represented by vertical lines and
which is lined either in one Of both ways represents AuU(BUC). Itiscl
Fig. (b) both the regions representing AU(BUC) and (AUB)UC are
AUBUO)= (AUB)VC
i An®NO={23 An[3,4.5 6347 8}]
={,2,3, n{3,4 = {3,4}

Similarly, (AAB)NC={3,4}

resented

. An(BNC) (Fig.a)
It is clear from fig.(a) and fig.(b) that both regi

(A AB)C are identical.
Therefore, AN(BNC)=(ANB)NC

ons representing A0

C represented by horizontal lines.
Au(BuUC). InFig. (b)
d by horizontal lines. The region
car from Fig. (2) and
identical. Therefore,

(B AC)

'_'M~

Unit 5 Sets and functions
(v) . : .
Au(BnC):{], 2,3,4}0[§3,4,5 E .
={l,2,3,4}u{3,:‘;}, 3
(AuB)m(AuC)j{l,z, 4
({123, 4)Uf, 4,5, 63]({1, 2.3, 4}u, 4 |
3 +y » 7’ 8} i

={,2,3,4,5
»3,4,5,61n {1
={,2,3,4) VB ALH

NG, 4, ?; 8}]

AU(BNC) (Fig.a)

(AUB)N(AUC) (Fig.b)

It is clear fr i
om Fig. (a) and Fi
Fig. (b) that
both regi

(A‘-’ B)ﬁ(A [ S representin Auv
UC 1 1
) are identical. i g (B IC) an

v An(BUC
(BUC)=1{,2,3,4}n[{3,4,5,6}u {3, 4.7,8}]
={1,2,3,4}n{3,4,5,6,7,8) ;
=04}

(ANB)U(ANC)=[{1,2,3,4
; ke 4}U’{£4}{3‘ 4,5,6}]u[{.2.3,4)n{3,4,7,8}]
- ,4}

2\

An(BuC)  (Figa)

U
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s

5.3.4,506 73

\ Example @ g u=12
\ o 156} B p- .23
% _ then draw Venn diagrams for ‘
‘- i awB 0 san g B (AUE)
| i) A0 (vii) (ANB) ity BB
Hence verify D€ Morgan’s laws.
e :
(i1) AﬁB:{l 5 6}(‘\{1 2,3}

R s
e
L

UniF 5 Sets and functions

(vi) A'NB’ =
12,3470 {4,5,6,7)=
0, Ty=14,7}

A'NB' ’l I1

Fror :
n (v) and (vi), it is proved that
and fr (AUB) =A'NB’
om (vi) and (viii), it is proved that

(ANB) =A'UB’
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.]E}_c{gijf,s_'gsf:

B=1{236 7}

d .
=if1;2, 3.4 53 40 following:
1.1 A={L% diagrams for the

(ii). ANB

then draw Venn ¢12 and C= (5,69, 100
= ;3’4’ 3,61, 1 diagrams- 5 F"\C}: 2
en —~(AUB 25 A(-\{B JL)=
@ AU(BUC}) ({Au B)n(AUO) dI;M.{3 45}
C = = k] ;
(iii). AV(BN 1), A= {1,2,3,:"} i“‘ B’ and also verify tha't .
= {1 2, 3, 4, > 6; Lsps ! N B, € 3 B)"—-— A.rU B
Draw Vent ;3)' ANB dB={a3 4 then draw
(. (UB=ACB s mdB=(4
1 2, 3) 4}’

4.1U={aDC "
KEABUIE A= (abo @l B

={a,b,c d,e,. .
i Elﬁl thi help of Venn diagrams.

m Ordered pairs and Ca

Ordgered Pairs

{c,d ¢} then verify De Morgan’s laws
c,d, / |

!‘tCSIJI‘I pl (‘(h":t
] nt
s ()] two Clel'llems a and b m wl“ch a 18 the fll tele‘[le

d pair (a, b) consis = o

Araor]:l?:: thg second element. « cqual if, and only £ a=cand |
o ondered pirs (3, ) and ¢, ) are el . &
gﬁ:élat i g8 y=(6,2) ts are

el L e J; ;ynd onl; ifthe corresponding componen
1 on.- d pairs are equal if &

Tation.| Two ordered pairs :
I.—Shl Hetice we obtain the equations: ‘
s ’ 2X=6 covrvirnnninnens (12“)
= T ii o
dx+y=2  eineens . \ | el
Solvi equatior?tzi)f#e ;et x =3 and when substituted in (i) we gety
olving, d
5 dere
artesian Product Of Two Sets = i
Cdrt(im“ i : roduct of Aand B, denoted A x B (read “A cross B ) is the s
artesian p B,
z:ss(a,b),whemais inAandbisinB.
Symbolically: AxB={(a,b)ac Aandbe B} i ol
Remarks: G Sl

(i) A xB#B x A for non-empty and unequal sets A and B

Unit 5 Sets and functions

Binary Relatiop:

Let A and B be sets, A (binary) rejag; )
subsetofAxB. - 1Y) relation R fromAtoBisa

When (a,b) €R, wesay a i relatedtob by
Otherwise if (a, b) R, we write aXb.
b Example [ IfA= (q, b} and B={1, 2} then
AxB={(a,1), @,2), (b,1),, 2)}
Number of elements MAXB=2x2=4
Number of al| possible subsets of
AxB=2*=1
Since every subset of A x B js a binary relation from A to
B. Therefore, here we have 16 binary relations which are

YR, writtenaR b,

Solution

given below.
RJ =@ Rq,:{(a! 1)}
R, ={(a,2)} R, = {(b, 1)}
R, ={(b,2)} R ={(a,1),(a, 2)}

R, ={(a, 1),(b, 1)}

Ry ={(a, 2)(b, 1)}

R, ={(b,1),(b, 2)}

Ry ={(a,1),(b,1),(b, 2)}
Ris={(a,2),(6,1),5, 2)}

Ry ={(a,1)(b, 2)}

Ry ={(a, 2),(b, 2))
R;={(a,1),(a, 2),(5, 1)}
R ={(a,1),(a,2),(b,2)}

Relationships between
elements of sets occur in
many contexts. Every day
we deal with relationships
such as those between a
business and its telephone
number, an employee and
his or her salary, a person
and arelative, and so on. In
mathematics we study
relationships such as those
between a positive integer
and one that it divides,
areal number and one that
is larger than it, a real
number x and the value
J(x) where fis a function,

and so on.

(0

If set A has m elements and
set B has 1 elements then A
Bhasm nelements.

RIS = {(as l)s(a! 2)’(by ])s(b, 2}}

Similarly, total number of binary relationin B x A=2'=1¢

) Example [[f] LetA= (1,2,

B={1,2,3)

Then A xB={(1, 1),(1,2), (1,3), (2, 1),(2, 2), (2,3)}

Write any five relations from A to B.
\_ Solution
Let :
Ri={(1,1),(1,3), 2,2)}
R={(1,2), (2, 1),(2,2), 2, 3)}
Ry={(1, 1)}
R=A xB
Rs‘—‘- (%)
All being subsets of A x B are relations from A to B.
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et cliﬁ?n R from A 10 B is the st of all first elements of the ordered pai

The domain of a relation ; &

whi ngto Rdenotedl)om(R :
hich belong s

R
Sym’uolically: om Al (ab) € }

t of all second elements of the ordered pairs

tion
Range Of A Relatio omAtoBis the s¢

. o ,B=1{L 2,3} )
(j Example ® Lz‘ A t{):;ﬁr]; clation R from A to B as follows:

(i) Findthe ordered pairs i R.
(i) Find the Domain and Range of R.

(i) 1s 1R3, 2R2?

(=] i A={1,2), B= {123}
L solufion I G¥R - BT 41, 0.2, (1) @D

R= {(a,b)eAxmadb}

O R (12,08,
(i) Dom(®)={l 2} and Range(®) = {2 3}

(i) Since (1,3)€R 5P 1R3 .
But (2,2) ¢R so0 2 is not related with 3.

Diagram Of A Relation

Then

@2), @3}

ArTow

Let
A={1,2,3},B= {xy}and

R={1y), @x), 2, (3X)}
be a relation from AtoB.

The arrow diagram of R is:

- 1

Unit 5 Sets and functions .

' Exerci
1LIfA={1,2,3},B=(4,5) —edd

(1). Write three bina v

(i1). Wri inary relations f;
(iii). W, g i binary relations f S
-Write four binary telifiogs OTOm BtoA.
nA.

(1v). Write two bin
L ary relations
2.1fA={1,2,3,4} ,B= (1,3, 5) e
then write it in tabular forr,n RS
3. Domain of a binary re]ation.R ={(x,y)|
Ay y =2.‘C}

4. Domain of a binary relation R = G )|
' y+1

m Functions

LetAandBa
£ re two non-empty sets,

_1s tl;e fet {0, 4, 8}, find Range of R.
=2x"} is set N. Find its range.

thenabi ionfi
abinary relation fis said to be a function fromAtoB
. )

~ Domf=A
There should ben ition i
orepetition in the first element of all ordered pairs contai
ontained in /.

Symbolically, we write it as

_ d A —
and say f'is function from A to B :

{ Math Bits
i Factory
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\--

& | Example @ :
lfA'—‘ 1,2, 3} and B={a b, ¢, dy the
fi= {1 a),(2, b)
=10 a), (2 b),3; 0,6, )
f=10,a) 2, b, 3.}

fa= (0,0 @, a),3

; ions?
which of the following are FogeRe:

__Solution_J _ ; ‘ | |
L’ﬁle given relations ar¢ shown in the fol

.

fy the first condition of |
ction 18 not

a functioﬁ

ie. i t satis
£,is not a function because pomf,={L,2} Aje.at ‘31035 n(;)ition ofb
l;eing a function. /3 18 also not a function because secon | con. y . ¥, is
satisfied i.e. first element2 € A of ordered pairs contained in f,isTEP 3

because
(@) Domf;={1,2,3}=A

(i) There is 10 repetition in the first ele_ment of all
' orderedpairscontainedinf:.Itcanbewnttcnas

f,: A8

eing a fun

(] o

A relation is 3y pmm:.-% sz
set of inputs W! ation is
outputs. EverY B every
relation, oY 2

f, is a function because
() Domf,={,2,3}=A
(i) There is no repetition in the first element of all
ordered pairs contained in fs. It canbe written as
' fi:A—B

Unit 5 Sets and functions

. - : —— Al : :1-_; 2 -
MTHDOIIIain, Co-domain ang Range of -r —— “—‘-.-.: j. '4
; : uncti -
Letf S Bbea fun_ct[or_l, thenthe set A nction
the ordered pairs contained in /). 15 called domain of ¢

¥ (or set of first elements of

Example:
Let ;\={1,2,3} ad B={],2,3,4,5,6)
: A - 3 E ] £l 1
— B as shown in the following diagram

domain

co-domain
In this diagram, the set A is domai

ram, omain, th i i
subset of B isrange of the functionf, R

FEEI70] Kinds of a function

andthatset {2,4, 6} whichisa

{,3) Into function

" into
Example: e &

LetA = :
3 {1,2,3} and B= {a, b, ¢} then a function f from A to B is defined by
. /=11, a), 2, a), (3, b)}
e following figure illustrates the function f.

A / B

Wi _—
¢ see that fis into function because
Range f = {a,b} #B




Unit 5 Sets and functions

] ;on, ifthere isnorepetitionin the second

B, then’™ Lt at element of the domain set A
n ; pe written as: %

clear that f 18 0P€~ one function-
-~ e-one function (Injective function)
then fis into one-one or injective function, if

From figure it is

m; _—Ipto aqi';i one-
Let fbea function fromAtoB,

(iy  Rang® f+B

(i) There is 10 repetition in the secon

It can be written as s
injective

5 H iy B

d element of all orde

Example:
defined bY;

1A= (1,23} andB={a,0,d} andf isa
7={(,0), 25,06 o)}
The following figure illustrates f.
A / B
a

function from AtoB

1

N
2 ] \
[} !
b Sk
Here we see that f is injective function bacaﬁse |

it ?J] *ﬁmgﬁf ={a,b,c}#B
| .“ 1 .le .
rere is no repetition in the second element of all ordered pal

red pairs contained inf. ll

s coi\taiﬂe

Unit 5 Sets and functions

l.ll]ﬂlon (Sllljﬂ:fl ve fl.ll'lc

Let f be a functi
0
Range _-I'l from Ato B :
g f'—B ’lhcnf]so
It can be written as 2 T function if

@ One-one and -
| B
onto function (bijective f;
€ function)

Let/ be a functi
| ction fr
. one-one and onto. omAtoB, then js
one-one and onto (bij
ijective) function i
tion if it is b
oth

Example: w AMB
LetA={3,4,5 h
: Ve } aﬁd B =
= Gl e Gy
The 103, d), 4,e),(5,h a function
following figure ilIustrate)s}f' f from A to B is define by

\ Here we se
e that /" is ont
o functi
\ Range /= {d, e, h} "ilgn

/ is one — one functi
_ ion b
IEE:- ii‘; i uniquee;a:s‘; for each x e there is unique yeB.
. there ?s unique e B
il ‘tht.e.re isunique he B
J is bijective function.

=
Difforen
Iereneca b
HCe petywesn \
vFeEn one—onec - 1]
o Drrespmldcncc and one — one function

IfA
andB g
re tw
and 0 non-¢
i ca?]my oneelaient Ofglpty sets then a rule for which each element of A is paired wi
adonecq and each element of Bis paired with dkage
"Rem ne correspondence thooe nd ol onecclement ofA
CMember .
mep are finite and i : . S i
umber o fCIcmcm?d if there exists aone-on¢ correspondence between them, they have the -‘
1

——

Iflhc lWQ sets

——-]_
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ith one and only one element

e
Tn one— ¢
of setB.ThiS oy

Example
dD=
=11,2,3}an :
lfc { {(1 a), (2; b)! (3: C}} 15 o

owing figure:
{ﬂyb’ Gy d}

one funct.lun:! a
e—

D
c &

a
1(—/3_1/;;
2

c
d

s shown 10 the foll

thenf=

— denc
’ ) eSpOn
me ﬁgure,

and DbecausedeD isunpaired.

" nplY
£ imP
: dges no
PRI L 5 : . notatlon
defveee * The use of parentheses 10 function
Note that f () #f* X~
2 multiplication.

N ]

Unit 5 Sets and functions

* Exercise 5.5 X
'_—-__...__*‘_

1. A={1,2,3,4} andB= (g 7

} and the followi
whether these are functions or oty

g}tie??]?rg)ﬁgfginé t,hg)l; state which kind of functions are these?
R2={(1, 6), (2, 6), G, 7). 4, 7)}
Rs=1(1,6),(2,6),3,6), (4, 6))
2. Which of the following relations
functions as well

(. {(a1b),(c, d), (b,d), (d, by}

(iii). {(d, ©), (c, b), (a, b), (d, d)} (iv). {(a, b), (b, 0), (c, b), (d, a)}
3. IfA={0,1,2,3} andB={x,y,z p} then state whether
exist one —one correspondence between the elements o

(). 1(0,x),(2,2),3,y),(1,p)}

ng are the relations from A to B, then state

on set {a, b, c, d} are functions? State the kind of

fi1). {(b,a), (c, b), (a, b), (d, d)}

following relations show that there
fsetAand B. Ifnot, give reasons.

{ |‘1 {(0! x)! (l! Z), (29 Y)! (3: Z)}
4, IfA={a,b,c} and B= {2,3,4, 5} then state,

there exists one—one correspondence between
ofthe relations they are?

(). {(a2),(b,3),(c,4)} (i). {(a,3),(®,4),(c,3)}
5. IfX={1,2,3,4} and Y= {5,6,7, 8} then write

(1). afunctionfromXtoY.

whether the following relations show that
the elements of sets A and B, ifnot what kind

(ii). aone-one functionfromXtoY.

(iti). arelation which shows that there exist one — one correspondence between X and Y.
. iv). afunction which is onto from Y to X.

(v). bijective function from Y to X.
(vi). afunction from X to Y which s neither one- one nor onto.

: i . Incase these are
* Let4={1,234,5). Check whether the following st are functions on A
IR s 2,4),3,2),% 1,(53)}
M. {(1,5), (2, 3), (3, 3),42),5 1)} (ii). {U’.I)’(’ , (3
(D). {(1,2), (2, 1),3,1),d4,6.5)
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wven. Fill in the correct circle only.
3,4)} then R is
3 (1,506
i) 1fA';{l,2,3},B'{4’ 5} anB 0O A function from Ato A
] fnction from A t0 O An onto function from AtoB

ments, then pumber of binary relations in

(] 021

= -
. isanexample of disjoint sets:
4 {0,2:4,6) and (2,4,6.8}

O (048,12} and (6,10,14,18}

posit-ive oddinteger 1esS than 30}, R=

F 1 '1 W 1
W g?:lugl\;eqsf elementsarein (RO $)"?
=42 HH 1% 7
015 O
2 1¢ onto function if

O Dom f= A
ed in f is not repe

(i) s
O {0,1,23} and {3,2:1
(@] {0,3,6,9} and {9,16,25,36

setU= {xisa

how many
13), 55

B O Range f£A ; |
of all ordered pairs contain ated.

(10,3},(14,12)},thenDomR=
o (02312 © (8,10,4) O (0,10}

O Rangef=
O second element

(\H HlR: {{090)5(8)2)!

0 {0,8,10,14}
U={ Natural numbers up t0 100}
A= {positiveeven numbersupto 1

B = {positive odd numbers up to 100}

Then find.
o NUB ) ANB G A0 B
3. IfA=1{1,2,3, 5,7},B=12, 4.6},C=1{2, 5,9} then verify.
(i). Associative property of union
(if). Associative property of intersection
(i) D@str@butive property of union over intersection.
iv). Distributive property of union over union.
. & U= {xixeNMSxé‘%O}
A={1,6,11,16,21,26,31}
B={2,5,8, 11, 14,17,20,23,26,29, 32}
then verify De. Morgan’s laws.

2 If

(iv). A'NB

e T R

{1,5,7},and

Unit 5 Sets and functions

5.0f U={1,2,35
A=iiaq B0 B
Th ey
en verify De-Morpan
6.1 U={l,2, .15} Slawswnhthehe]pofv
A={1,2,3,4) enn diagrams
B={3,4,5, 6}
C=1{3,4,7,8)

Then verify distributive Jaws with th
the

T.Let A ={-2~
ft;'lcﬁon? I?l, cil;s?e, 1(;1% & {ab,c.de} }ll)ee]f Of.Verm diagrams,
function. a function, mention oir;mne Which sets of ordereq
re Pﬂil' TeprESen
ta

-0ne fl.lnct 0 onto 1 t Cl1y
] unc 10n and bl e h
(]

0 AC2.8, C1,a), 0,b), (1,0), 2, ¢

“llJ {(2v ),( 2 )5( ; = E
il }I( H )’( 5 e)} Il {("2 b) ( ] b a d e
[1 D a 2 b l C 1 L ? ]s {0; )! {l ) ( 2
? ] ? )}

8.LetA={1,2,3,4,5}
=114, 3,4,5}, check wh
functions, indicate their ran Cther the following se :
ges. Which function 8setsare functions on A, J,
are onto -Incase these
- are

m 1(1,5),12.3), 3,3), (4,2), 5 1)}
L (iii}. _{(1,2), 2,0,3,1),¢4 4) (,5
: X=(6=5,4,3) Y
={1,2,3,4} thenwri
. ; t
(i). Aone—one function?r:m XtoY.

0 e
L a), (1, ), (-2, d), (0, ©) (2, b)}

A1), 2,4).3, 2), (4, D, (5,3))
{(1,2),2.3),(1,4), 3, 5)) ,

(WTA function which ; (i1}, O
3 to functi
vy, A fsieti ich is one — one and ont, n ction from X to Y, .
o ion from X to Y which is 1'leit1111v.=.01'i-zzn e ‘
e NS ~ one nor onto.
s ] 5 0) (0 l 3
this function are sw ), and (2, 5) is a functi
are swi 2 : ction. If -
example of a fﬁni:‘:;EChzd, the relation that resuhslil:,i';["a;ues and y-values of
are switched. n that will still be a functon ifthe x vu;mon. ﬂmid&aﬂ
=Values an y,.‘-a]ues

I 2 5
2 g
— = -8

(1) (x2) (x.;ja
I T

|

@) @ e
\adhaed 20,
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ts are represented by capital

i
. oot objeClS, s€ !
; _defined distinC resented by small English " Symboli
® Asctisa “coi\ec‘lin of 5% 7 and ¢lements of sets are P 3 (®© Letf fA——->y bo]::;a”y /:A—B first clements ofall ordered pa
- 3 tS, B, y sree ¥ : W 2 = 1S CO|
Engh?:;f;lp:a ':ec, Lo AandsetB consists of all elements insetAorin of fand the set ofes:cf::;"lon! then set A is cafleq d "
® ?fp:znd B a;-e ;wo sets, then u'fwdn fo:ftl y AUB. Symbnlical't)'- The range is subset ofCo-zoe:,]: ents of all ordereq ]Ja(:;:?:m ?f-f’ setBis called co-domai
o : 4B, anditis eno @ Letfb t aini.e, Rap Ontained in fis cal in
setB orinboth Aan ara B) et e £ eafunction fromAto B, thenfi gefcB, alled range of £
AuB={x|x€ . . ofsetAand set B consists of all thosee G (© Let/be a function fro Into function, ifR
ets, then intersection by ANB Symbolically ' ‘ : m A to B, then fj angef%B.
® [fAand Bare o 4B,anditis denoted by ’ unique y€B, ie. there is no J 1S one-one function, if
2 hichare common toboth Aand b, contained inf, repetition in the ge . if for each xe 4 there exist
whi T (x|xe Aor X€ {"0 Let/be a function from A to B, th, cond element of aj ordered pai:s
X s raint] ('\lep : | 35 i 0B, then fis inject: §
® Twosets AandBare disjoint 1f‘: 1of U, fhen U\Ais called complement of set Aandis (i). Rangef=B fisinjective (into and non- one) function if
—_— o u S £ ! . . )
fUis unl\-"’«l‘salf;’t and A5 s. g s i . - (ii). There isno repetition in the second elements of:
= 'orAd - : ements | 4§ n .
demtej;yafe cwo sets, then their difference coglsllf;:ﬁi all those € | | 9 Let/bea function from A to B, then fis onto functi cf all ordered pairs contained in .
@ it ditis denotedbyA\B or A—Bsymbo ? (© Let/be function fromA : nctionif Range /=B,
notinB,an ‘ N, %) . 0B, thenfis one-one and e
np-taizedorxeD | @ IfAandB i onto (bijective) function ifit s both
b and B are t
s Aand B, . Ire two non-em
@_ For any two 5¢ a AnB=BN A i le for which each elemerrl)tt{)? egﬁ{?“ one-one correspondence between A y
n AuB=BU—4 - An(BnC):(AnB)r‘\C [ each element of B is pai d 1S nAandBisa
= (BUC)=(AUB)UC (4nC) members of a Peied Wiitv one
a8 wie) - . * A(BUC)=(4NB) e e i
s 4U(BNO)=(4Y B)fz( - NUB ) rrespondence both sets A
' _ AAB and AnDb) = . canbeexp aine [
m (AUB) =ANZ T cection, complement, difference of sets: .
Conceptof sets 1.6 union, I 2  asetis usually rep W .
. = casilywiththe help of Venn diagrams. In these diagrams, h at is
: acircleand universal setis represantedby arectangle- (2 et qets, where? C ‘ : '
® (a,b)iscalled ordered pair of two clements a and b of as¢ artesi dan P o du qt‘)
= isthefirstelementandb s the second element. , : - UL
| (a} b)#(b; a] - tod rﬂduct's whlch 155 i A B
'= (® I1fAandBaretwonon- empty sets the Ax B is called Czrtezlaaif elongs 19 set AaD ~ {" \\
I = ofall ordered pairs such that the first element of each ordere fl -‘ |
i second element of each ordered pair belongs tosetB Symbohca ) o p#Bx A X ' B I ;
s AxB={(x))\xedandyeB}  ® 1B, = on-empty s ! Ui IF e
Q_ Any subsetof AxBis called binary relation, where AandBare ’IWCE3 T; hendo mai rii ) l\ J
IfR isbinary relation from set Ato setB,ie.R={(x yNix€ A \;\)’“% orr; R Rang® of _

is set of first elements of all or
set of second elements of al

dered pairsin R and is denote
| ordered pairs in R, and is denote

y ,
dby“RangeR "




Eyh@ 'u_t_iit'-vth;__ sﬁéﬂént_s_ will be able to
frequency table.
with equaland

@ Constructa grouped
@ Construct histograms
@ Constructa frequency polygon;
@ Constructa cumulative frequency table.
Drawa cumulative frequency polygom;
@ Calculate (for ungrouped and grouped data)
o arithmetic mean by definition andusing deviation fromass
mode, gcomen’ic mean, harmonic mean.

unequal class intervals;

umed mean,

o median,
@ Recognize the pro
@ Calculate weighted mean and moving averages.
@ Estimate median, quartiles and mode graphically
@ Measure range, variance and standard deviation.

Weather Forecasts
Do you watch the weather forecast sometime during the day? How do you use that
d the forecaster talk about weather models? These

information? Have you ever hear _
are prior weather conditions with

computer models are built using statistics that comp

current weather 10 predict future weather.

[T e
SruLIaLILD

Statistics i :

conclusiorllss Lfll.eaicmn.:e of collectin

Large amounts osg;r questions, Da%a: : gy,
; acan a are pi

number of pieces of data tha:){t; organized i s f::

]y l g i IP g
al_]a ZIn, alld mnte e .]] da ato dla“'
Of lllfol I Iai’. i 4 [

IOI‘I, Whlch are Oﬂen numeﬁcal

1 within gi quenc
2 In : Y table.
i 1210” givenintervals, A freunncy table shows the
Month
158 Iy_Usel:G
158 June 2017

[ Tike]

12B
April 2017

700 M
April 2017

1

Instragram nﬂ_ =

500 M

pprox
May 2017

Facebook  Youtube

L Activit}r *_

5 R]dlng 1sa fl.ln to get €Xercise I he table

ShOWs pricC
s for35 type
sof -
found at an online store nonmotorized scooters

(i). What is the
cost of the le i
. ) ast ex
i 1—111: most expensive scooter? i
(iiii, 4 (:L n;znii scooters cost $51 to §757
o u d you reorganize the pric:e
y are easier to find and read? A

60 25 29 25 40
35 50 80 30 70
80 90 80 55 70
40 100 52 45 60
99 60 100 89 11
92 20 49 80 50

The scale allows you

to record all of r' 5
: the [ Price(S) | :
?;z::{ i‘a;?cludcs the T 1<=2§ | Tall{)l i\ll’"ks | Frequency |
i e, 11, and | | f =
b e v 7 517 BT
g e sk e il R T
' [ L '
i i 13 I

= jt

I v

Tally marks are counters
used to record items in a

The interval separates
the scale into equal
parts. The interval is 25.

FrOm
y the fre /
quency table, you can se¢ that just over half the scooters cost between §51

an
2nd $100.
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. Frequency pistribution E
The grouped frequency tableis2a statistical method to organizeand simplify alargeset of data
into smaller "groups.” .
The main purpose of the grouped frequency tableisto find
within each group ofthe entire data.
Construction of Group®

There are two types of grouped data-
(i) Continuous data

Unit b Basic statistics

outhow often each value occurred

d Frequency Table

(i) Discrete data
Thus accordingly there are two types of frequency table.
{a) Construction 0 { Discrete Frequency Tabie 1674) collected ar}d Stu(_iie.d
Steps of construction: the death rcct_)r@s in various
(). Findthe minimum and maximurm value in the data and ?tlﬂ_s of ngtau;l and was
write the values of the variable in the yariable column ascinated by the patterns
from minimum to maximum he fc;“:}d in the \;rh(}l;
- : W ulation even t
(ii)- Record the values by using tally marks (vertical bars1)- 1;2Ep1: dlic i ra:d;lml;ﬂ
(iii). Complete the frequency columnby using tally marks. 8 S
tomers bought shoes with following shoe size.

Example ﬁ Inashoeswre40 cus
6,6,?,6,8,7,7, 8,6,10,6,8,8, 10.7,9,7,10,6 ,10,10.9,
9,7,8,7.9- Construct a frequency table of the data.

[ Sblutit;__t;;‘g Let x = shoe size-

7.9,6,10,10,7,11,8,8,7,6,6.5

Construction of Continuons Freguency Table
Steps of construction:

(). Find Range: Deduct lowest value from the highest value.

(i). Determine the number of groups (K). Most of the data has between 5
is your decision to choose the number of groups for your data. NU
must be balanced thatis nott0o large or not too small.

(iii). Determine the width (number of values per group) of group interval
Rangebyk.

(iy). Createthree columns titled "Groups." "Tally Marks." And"Frequency-"

). Insert the datainthe table.
(vi). Determinethe frequencies for all the groupsby tallying the data.

2ORSALE

1015 groups- 1
mber of classes

by di\«"ldi'ﬂg

. The i i i
class width is the difference between co
nsecutive

Unit 6 Basic statistics

Related concepts
Class Limits
Every class has two limi
T 1mits, the
class limit. For each, cl » 1€ upper-class 1;
e x » Cla . ass limi
the mid-point of each cii;hemollmimma;rglg’xnd‘he lower Q
fraction. s falls on an efixedsuchthat [Choose
Integer rather than a [Such tt!?etﬁrm]asS e
at the smallest

tion is included.

The mid-poi
e mid-point of each class is calculated b th
Y the formula

Mid-point  LOWer limit + Upper limit
1
2

Forexample if in a data th
e .
t? i __lgx\éest v]azlaue i1s 3 and the highest val
class is an integer. The mi o 13— iy pabeiai
Class Width ¢ mid-points usually denoteld?l,)]rE (Bx):lizéat;?:;use th:;tig?p:igfg}vg ilf
i the class ma ?
rks

dividing the ran, e ower-class limits
ge by th i
y the number of groups formed. ] 1 its. It is found by

Class Boundaries

For computing cla:
o ssbou i i
lower limit of the follow;danes’ the upper limit of the precedi
isobtained is then subtractgggss att]‘:ld the difference is tﬁ encgiv’?dizlzss is subtracted from the
om the lower limitand y'2'. The oot
addedtotheu S qrentity widen
pper limit of each clas:
s.

v ,
or example, consider the following table

Clas;eil::mits Class-Boundaries
0.5—4.5
5—8 45—835
9 = 12 85—125
13—16 125—16.5
17 —20 16.5—20.5

Fﬁnn
ula for calculating class-boundaries (CB)

5-4 1
2 —5—0.5

So 0 5
-3 18 suby
ubtracted from the lower limit and added to the upper limit of each class.




Unit 6 Basic statistics .
iﬁ'}l&? Histogram : .

: as follows. A histogram is a vertical :

class in c & space between the bars, Thtl: ::egrgf]? :a “}Tth ke

proportional to the frequency it represzn l';ar is
A histogram has advantages over the e‘lh
methods that it can be used to represent d er
with both equal and unequal clasg intervals ata
Whenever we construct a histogrém
representing a set of figures which have beep
rounded off from the original measurements
we have to make the class interyals

B Unit 6 Basic statistics

=R : f
mple [ The heights ©
) Examp ﬂ Construct groUP

h
30 students of 10
frequency table:

width of class boundary is 5.

175-140 _ 5 The

_Solution. . o
8 g 4 — ; 3
group 18 5 bec e Al continuous by using class boundaries. This i

d,‘h of eacl'l i i i
gt toavoid having gaps in between the bars,
|y Example | 3 :
p. .20 Constructa histogram from the following frequency distribution
Class-limits 20—29 [ 30—39 40—49 | 50—59 [ 60 .69
| Frequency | 1 2 3 2 T
. Solution

To draw a histogram c[ass-bpundaries are marked along x-axis and frequencies of each
class are marked along Y-axis as shown in the figure.

I‘ ol - -
'1 | Class-Limits Frequency Class-Boundaries |
'[l | 20—29 1 195—295
the 30—39 2 29.5—39.5
: £30 students from 29. ;
f the weights (k&) © ks also. 40 —49 3 30.5— 495
i t a frequency table 0 tosand class-mal . 39. ;
|| Example E C.onsstI;l:a zlass-i‘“ewal'ﬁnd the class—boundaﬂ:: e I 46, 38, 48,28, 50— 59 ? 195595
following data by u;;nggﬁ 30,45, 50,22, 25,36,46,35,38,40; 28, 2 4 60 — 69 1 59.5—69.9
i 25’ 30‘ 40, 21‘24, ) 3 ] ]
;5 29,3 1'33’30’26‘ Histogram from Equai Intervals
:! Solution ' 3

(&)

I'requency
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Unit 6 Basic statistics : -:
Frequency polygop ' :
A frequency polygon is drawn b ;

midpoints at both ends are i+ 12NN all the midpoints .
polygon. This will mai?{ﬁ;ned to the horizonta] axig to acca;};h;légptot;:aoh e
horizontal axis. 8raph nearer with the i o Soamsintsofflic
We can draw the fi end points falling off to zero on the
ec raw the requency po]y b
i i gon of a distribyti i
| plot each class frequency against the mi ution without first draw; ;
5 s Achagloh bl emid drawing the histogram. We
— s with unequal class mter.vals am, we must nate th?ttthi:‘itexa;z ; straightlines to form the frequency Poi)’go‘:f]ue of the class to obtain points which wgerjoin by
\ Solgtj‘éw Histograim fns constructing the h1§tog1:a x ﬂ;e frequency in a histog { Frequency polygon are specially usefiy] to co.m ™
The lassinerVals SO0 e lass freavenee™ | attoshow ool e0) overa ivn period of e, Negs e O commodites
rop cricketto show the progress ofa batti "o adays it is commonly used i
of the rectangle ar¢ P feachrectangle- ' atting team or comparisio et T R
s ed by theareao ‘. 1 Example i@ Construct a frequency polygon ?or i nf0]1; sco.res of chasing a team,
s Class- | Class- ¢ foflowing frequency distribution,
Class-Limits | poundaries Limits

| 20—
30-—39 H0—49150—59 | 60—69 | 70—79 [ 80— g0
"R L ¥

D 8 O B S e o .

Frequency

Solution _|
i m {r(iliass Marks =
: i FEE e S| Mid-Poi rrequency
| . 20—29 19.5—295 24 ;‘”“”
| |_ 30 —39 29.5—395 345
__ I 40 — 49 39.5—495 ;
{ | 50 —59 g
:l ! : 49.5—595 54.5
I . 60 — 69 59.5—69.5 64.5
i f 70—79 69.5—79.5 74.5
| 80 —89 79.5—89.5 84.5
¥ ? | d
5
z4 5
: I B ot S
™
= £ 3 1 & O LT | | o
%. 2 8 — Histogram
3 g3 g
T 1 Eoalm | [\ [ 3
i

69.5 79.5 395 99.5
Class-Boundaries

20.5 39.5 43.5 54.5
__________—-—+

formation

For your in
In a histograrm, the frequen

19.5 295 395 495 595 695 795 895
Frequency polygon
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645 T4S

54.5

345 445

, Exercise6.1
ing a quiz with 100

and class-marks.
6,74, 88, 76,69,57,

students dur
_boundaries
0,67,60, 58,4

istribution of the marks of 30
terval. Indicate the class

frequency d
2,83, 68,9

points by taking 10 asthe class-in'
40, 60,65, 70 15,50,56,74, 72,49,85,76, 8

63,66,47,82, 90.

2. Following aré the m:
jting. Using an app

;stakes made by 2 group of students of class 10" in a test of essay
ropriate size of class interval, make a frequency distribution and
also indicate the number of class intervals.

4,7,12,9,21 16,3,19, 17 24,14,15,8, 13, 11,16, 15, 6,5,8, 11, 20,1

3. Draw a2 Histogram for the following data.

8,22, 6.

ats in the 10th class.
26,22,23,42,

4, The following data give the weights in (kg) of the stude
36,37,23,27,41,42,35,39,31,32,34,42,40,43,36,

25,30,32,29, 24,40,
class interval.

39,35,41 ,39,29.
(i). Prepare 2 frequency distribution using suitable
, (ii). Draw histogram and frequency polygon-
5. A teacher asked the students about their time spent on homework completion time. T
following set of data was obtained (Time in hours).
4 4 6 3 1 2 2 T~ 2 4
2 2 3 1
2

3 4 5
6
ults.

5
1 4 2
a histogram showing the res

3 1 2 2 3
nstruct a frequency table and draw

Co

Unit 6 Basic statistics
JActivity Ho—
3
‘Gettin
g Ready for Schoo] inth
Gather your Data: i

Ask yoursc

(minutes) d]:’;:;matcs the question,

school? Write th: take in geﬁing’, ow much time

Haidar 20 minudata ina noteb(}of:f-y for your -

approximately 20 .;fs' Collect respolke this Ali

el i i Wit Uil se

Make a grouped ﬁ"e min, 12 min, 15 m; of minutes
quency table for Y‘IE:'I;aa;d soon.

3721 Cumulati
ive Frequency Distribution

A cumulative fr
eque
other val TueticgfON ides i
ue. For example, h{)wf::;ﬂdes information abo
ny workers of a facmryufhﬁle sum of a variable
ave salary less th against the
an Rs.7000, th
, the

number of stu :
v dents scoring below 50¢
. 0% marks, number £
% @ malZ COb m .
easuring more f
han 6

When
1]|E same data 15 pIesentEd ona g[a h apeI thc ﬁeehaﬂd curve OIH'led 15 Cal]ed an
Ogl\"e-
p p
f ]

C
i nns .
The frequency :f::l;:t a cumulative frequenc

g ¥ 5
I Example | the last class is the total freciu::lhk
. Semnide oy s F' C of

ind the cumulative frequency 0};th aset of data.
e fo]_]nwin
g data.

x’3

4

wa T
1 2 3 4 ; 2 9 ]0’“1j
. = 12

4I3lg

[__Solution |
\')
i J]r Method of finding (c.) o A
! :
. 32, 1+2=3 :
; : 3+3=6 :
: . 6+4=10 :
: 10+5=15 =
; j _15+6=21 ;15
e 21+7=28
I 4 28+4=32 ;2
Q ; 32+3=35 35
35+8=43 43
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-SC,OI'QJ: lrltzozizizizﬁa'a'a‘a‘q'q'g
: Cumulative
Scere Freqency Frequency

1 2 2
3 > g ;i
3 T B
4 z 13
5 [ 14

Cumulative Frequency for Score 3
g 2+5+4 = 11

ion of petrol of 1000cc cars of a particular br
stribution.

btained. Constructac

The consumpt

(Milage)

ney disturbution is consturcted below.

| Solution | The cumulative freque
Upper Class
Boundaries

Milage

(Km;‘Litre)

Frequncy Polygon

in which cumulative frequencies are
frequency polygon. The curve is also cal
e following example.

curve is

Cumulative
mnstmct

used for plotting the
led a Ogive. The

A polygon
cumulative
Ogiveis described inth

!
|
'l
following data was 0 umulative frequency di

and was surveyed and the

called 2

jon of &%

Unit 6 Basic statistics

Example @
s ; In the f
exam inth : ollowin
esubject of maths, g data marks of students are gi
given dun'ng first
pre-boa

25,30,27,28,35
46, 44,34,51,’54 »36,40,41,42, 45, 50, 42 292
By taking a suitable class-inte. »29,26,36,31, 43, 46, 52,53,51,42,37.27.3

frequency and d Ay
? re
i raw a cumulative fl};qlf:;z; fr?iquency distribution, find |
: polygon (Ogi ,find less tha n
give). n cumulativ

To constr
ict the cumulati
) construct the cumulative fr
——c lrequency distri
istribution
» We take the :
class-interv
al as §.

Class-boundaries
e TR
245-—-295

6

29.5—34.5

345—395 10

39.5—44.5 -

445—495 it

49.5—54.5 G
30

Class-limits Frequen
3

C ive F
umulative Frequency

25—29 6
30 —34 4
33—39 4
40 —44 ”
45—49 3
50 —54. 6

Cumulative Frequency Polygon

[

L=
Ly
TIT

oY
LI |

=
Tt

T

10 4

Cumulative Frequencey
g }
w
TrriT

il
(i a

411

1
1

i

D i BB 080D

I 1 "
) T T :
08 a8 3wk WS a8 s

Upper Class-Boundaries
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Exercise 6.2

kers.
n Rs) of worker 58,90, 98, 120, 77, 90.

1. The following data give the wages (i 150, 66,

60, 75, 80, 85, 90, 84, 70,73, 76, 84, 95, 100,
By taking 10 as the class-interval, prepare- .
(i). Cumulative frequency dist (ii). Cumulat

2. Make cumulative frequency table

ve frequency polygon

ribution
for the followin:

3. In a city during the first week of
cumulative frequency graph.

4. Draw less than and more

5. Determine from the data of Q4, the following.

(i). Number of students who obtained more than 50 marks.
(ii). Number of students who obtained less than 70 marks.
(iii). Number of students who secured marks between 50 and 70.

(iv). Class interval of all classes.
(v). Lower-class boundary of 5" class.

ogive for the following table
o N 1 |

6. Construct an

| . N\ M
.. il I R
8001 — 9000 5

Unit 6 Basic statistics m—-—_"!.'-"-'-' =
_ : B |
N Meas _____ =
»e ures of C s | Y=
entral Te S
n
Central Tendency ofa data s the v dency
largest number of item tends to alue that re
Tendency or Averages are als concentrat
the centre of a distribution e

rese
: f andn:itge’w}mic data or the stage at which the
imes called meagures -t . Coniral tendency. Central
sures of location, because they locate

'].r G o al -
)pu'ul (.mllra[ Fendency Averages 15 18 asg seq
(I) Arithmetic Mean (A M)  Biiian e 168
(ii). Median . ; S
(iii). Mode

(iv). Geometric Mean (G.M)
( \} Harmonic Mean (H.M)
(vi). Quartiles

Calculate for un

. 2 ’ r

N s grouped and grouped data

(a) Arithmetic Mean (for ungrouped data)

ata

Arithmetic Mean or sim

: ply Mean i
the number of items (valugs). If J[:1 tiCZLICUIated i
denoted by (¥) is given as [ i

Median =158

adding all values of th i
e data divi
..,X, are n values; then the Ari:!'unetizl ;\ifll:ela?d -

x=

X+ x+ Zﬂ
| a X+ Xyt Xo+ Xo X+ X+ Xy +... +x e
i R ) |
; - bl
X = Arithmetic Me: E i mﬂ m
an. = i
A sigma (Notation used for the summation)
X = XXy Xy X (1=1 2,3 .n)

n = Total number of items in
th
By short-cut method e
Formula for short-cut method is,

X=a+ —ZD’

n

Mean =—Sumofdata
Number of data

Where
x = Arithmetic Mean
a = Provisional Mean (P.M)

D, = (x-a) (Deviation from Provisional Mean)

> D, = Sum of Deviations from PM

1 = Total number of values in the data.



Example [T
Find the A.M of the values 2, 3,4, 5,6, 7,8, 9, 10.

(i) By direct method
(if) By short cut method

t"'_SU_lu_tio:_l; i

(i) By direct method
ing formula

M of the given items. Then by us

Let ¥ be the A.
- J.¢1+Jc,+x3+x_1+x$+=vc‘.,~\-x.,+Jcs-l—.74:,;-{—...4-3.:,I
x_-
, n
_2+3+4+5+6+7+8+9+10=§§_=6
9 9
, ¥=6

(i1) By. short cut method

' < Unit b Basic statistics Unit 6 Basic statistics B

(b) Arithmetic Mean (for groupeﬁ data
ata)

If x‘; X r; X are n v,
2 _2" peery <y h alues Wlh F
thcAl’lth i 1 ) . m 45 [Eque“ ve v
metic Mean X185 giVL‘n as-ﬁ’f,f‘".f’ CIES Ui Lhc respect' I
1ve va ues, hence

T Jn+ fix
f;+,fz+£+... +J|f; =h§_?'

In a coaching class of 13 students a test
5 St was

obtained by the students. conducted, and the following marks were

10, 12, 12, 14, 9, 18_, 9,13,16,9, 17, 16, 14

Make frequency table and find Arithmetic mea
1.

f‘“Scluti&ﬁ

!"l‘eqS:f;'I:j‘v(f) S L0 32,7 15 | 34 176
} 3 1 7 i 5 - Il? 118

()

Score Freq()l?enc\’ * T

4 3 27

10 1 10

12 2 >3

13 1 13

16 2 32

17 1 17

18 1 18

Y =13 | YA=169

Arithmetic Mean = %—?—

_169
13
=13
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Example

The prices of 2 KW generators are giv
price.

enbelow along with their frequencies. Find the mean

(i) By direct method
(ii) By short-cut method

Price
99 | 100-104 m
an1005) |
Frequency “
b 4 11

[~sSolution - ) _

(i) By direct method

m 120-124

3

=105.5 hundred rupees
= 10550~

Unit 6 Basic statistics —

: _ e S e P e <

(i) Short-cut methiod RS s *_*':*":::f,fﬁ.m ﬁ
Let the assumed mean 3 = 107

i e et
l(t?lass | ) W
nierva Mid -point D=x-ua

e TR Freque : /D«
90—9% | 92 ] quency ;

95— 99 5 :‘1 92-108=-15| =60
100— 104 — R T A
7105 — 109 ig§—~ > I —
10— 114 12 = - 1oy =0 0
15— 119 T S 112-107=>5 9
120 —124 % 9 117-107=10 90
3 122-107=15 45

2.f=85 >/, =-15
;:a{—z_j)i
=F
=10?+(-EJ
85
=9095-15
85
= 9080
8
=106.83
10683/~

(if) Median
Itis a value which is in the i arran
i center of observations when all the observati i
ascending or descending order i.e. Median divide th i o st o
.6 data ian i
calculated for the following data: o e
(@) ungrouped data (b) discrete data (c) continuous data

(ﬂ}l Median for ungrouped data
‘I}f :In a clata. 11-13.1‘.3 are n values, then after arranging the values in ascending or descending
rder Median is calculated by the following rules:

Median = Size of (5—2‘“—1} thitem (if nis odd)

or

Median = % [Size of %m +Size of (._—" ;' ZJm item] (if n is even)




=

) (~Solution !

Example Find the median for the following values.

2,4.5,6,3

(~Solution | Writing the given data n increasing order

2,3,4,5,6

m#wld—a
Om#um%

By using formuia
Median = size of [E-—:—l]th item

; 5+1 ;
= size of L__-;_'] th item

= size of 3 item
=4
So Median=4

Example 8]
family 10,20, 15,30. Calculate the median for the data.

Since number of items is even, SO

Median = %[Size of %th + Size of (—E;—z}th] item

= l[Sizc of 2 h + Size of [ﬁj m] -
2 2 2

1
2

The following is the daily pocket money

Unit b Basic statistics

c What's the error? —

0,5.?,9.10.3.5,8 1

Median = 9.3

e

The median for an odd
number of data is the
middle value when the
data are arranged in
ascending /descending
order, The median for an
even number of data is
arranged is the mean of
two middle values when
the data are arranged in
asccnding!descending
order.

in rupees for the children of a

[Size of 2nd + Size of 3rd] item = %(]5 +20) = % =175

=i

Unit b Basic statistics

(b) Median for discrete data
In a frequency distribution if Y"1 is odd

+1 [ .
] th item

in the cumulative frequ :
¢ frequency column is its median. But if 3 f i th
. is even, then the value of x

then the value of x opposite to {Zf
2

OPPUSIIB to th item in the cumu at", f
i : lll ) :C]ulllll ]5 lts mediﬂn ihls can b
. e

illustrated with the help of the following example:
5.

[ Example |15 g
= ‘ The following are the marks obtained by 35 students in a test

x 10
r 1 = s | 20 | 25 | 3
10 5 ! 13 l 2 4
Find median of the data.
[__Solution
g f: cif:
15 5 16
@ 13 29
25 2 31
30 4 35
Since n= Zf=35
So Median = Size of (ﬂg—‘}h item
= Size of [3-———-3: l]th item
= Sjze of 18th item
=20 *
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Mo W

=

* b Example @ Find the median marks

from the following distribution:

I_éc‘:ilutloﬁ L |

Median = Size of (%)th item

= Size of [% th item

= Size of 6th item
=22 -,
So, Median= 22
(¢) Median from continuous data

For computing median in continuous data,
median is calculated by the following formula:

.

it is important to make class boundaries and then

Median =1+ -h—[ﬁ— ) where, }
J\2

] = lower limit of the median class j
h = width (class-interval of the median class) !
f = frequency of the median class

= cumulative frequency of the class preceding the median class.

PR -
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[y Example 1 Find the median of the following distribution.

Daily wages (in Rs) | 6069 | 7075 | 8089 | 90—99 | 100109
{ \

Labour . 4 l 6 i 8 l 10 5 !
_ Solution g
Daily wages ¥ \ . (€3 (C.F)
i Class-Boundaries | Cumulative Frequency

60 — 69 4 59.5 —69.5 \ 4
70—179 6 69.5—79.5 10 1
80 — 89 8 79585 | 18> !
90 — 99 10 89.5—99.5 28 R
100 — 109 5 99.5 — 109.5 33 R

515 |

Median = % th item = 123— th item

= 16.5th item
Median lies in the group 79.5 — 89.5

Median = [+ E— LI
f\2

=795+ %(16.5-10)

=795+ 1_89 6.5)

=795+ 8.125
=87.625

(iii) Mode

The value that appears more times in a data,
frequent value in a data is called mode.

b Example [Im From the following sizes of kids trousers, find the model size.
_ 25, 30, 31,25,35,25 4
|__Solution | In the above data, 25 is the most frequent value, so

is called mode for the given data or the most

the model size is 25.
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; Find the model
) Example [fE} The following data shows the weights of the students

weight.

i ta.
| Solution_J Mode= 40, because 40 is the most frequent value in the data

[| Example |m Calculate the mode from the following frequency distribution.

- Modal group

The mode lies in the group 12— 16.
So by using the formula

Mode=!+[__-—£-:—f2—-'-*]xh

1 = lower limit of the modal group
o . = Frequency of the modal group
? = Frequency of the group preceding the modal group
f = Frequency of the group following the modal group P
J .

h= class-interval

=12+133=1333

—

| ﬁ}
yote 124522214 €5
o 26)-4-2 , h
| > ] . v A\
' =12+ P :

8

=02
6

prmey—
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(iv) Geometric Mean (G.Mj
Geometric Mean is the nth positive root of the product of n values.
(a) Geometric Mean from ungrouped data

If Xy + X pe-e X, ATCH values in a data, then the Geometric Mean is given as
)
G.M = (x, xx, XX, %... xx,)"

1
or  G.M=Anti-log (Z °g")

n

| Example Im Find the Geometric Mean (G.M) of the marks obtained by the 9th class

students.
| Solution | 60, 65, 70, 80, 85, 90, 75.
N Log x
60 log 60 = 1.7781
65 log 65 =1.8129
70 log 70 = 1.8450
7 log 75 = 1.8750
80 log 80 = 1.9030
85 log 85 = 1.9294
ol log 90 = 1.9542
Y logx =13.0976

1
G.M = Anti-log 2 logx
n

= At ipg 120206

= Anti-log 1.8710
=7431

(b) Geometric Mean of Grouped data

Letx, X, Xy, ..., X, be the mid-points in a frequency distribution and £, s f;. .. f, are their
respective frequencies. Then the G.M is calculated by the following formula:

GM= Ami-log[z{: l;g"']




Calculate the Geometric Mean (G.M) o

Marks 0—20
Number of students 3
[ Solufion |
Marks %
0—20 10

20— 40 30
40 — 60 50
60 — 80 70

. * By formula,

G.M = Anti-log

R T

flogx

29

46.1924

= Anti-log

= Anti-log 1
=44.64

28
6497

> =28
ozt

£ the following data.

' -
flogx

g

When you multiply 1089 by 9, the
answer you get is 9801, which is the
exact reverse of the number 1089

Unit & Basic statistics

(v) Harmonic Mean (H.M)

It is the reciprocal of the Arithmetic Mean of the reciprocal val
ues.

(2) § Harmonchean fro

H

m ungrouped data |
Let there be 'n' values i.e., x,, x,, x;

caliylatedby the following formda: X, in a data, then the Harmonic Mean (H.l\.d) is

HAM=__1______ o X0
—+-+L+,...+-l— Z 1
it h X, x

| Example

Find the Harmonic Mean of the following values. 5, 6, 8, 9 and 10

{_Solution_ |

By using formula:

é

x log —
X
5
1
$=02
6
1
—=.
£=0.16
8
1
g = 0125
9 1
—=0.11
10 ;
1
ﬁ)——o.l
1
D —=0.695
X
n 5
=——=1
Z[lJ o5 1

LAY

o
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(@)} Harmonic Mean of grouped data e
;Harmonicviean o1 g s
The Harmonic Mean of grouped data is computed by the following

- g G

f
Z(;)
b-Example £}

Find the Harmonic Mean from the following data.

Classes

] 7
=g
Classes | Frequency (f) (Mid-point) s

e e
. | ES———

.03
2
Z =022
12 2 % ?
0 2
- 2 =033
218 5 . 15
40
i 21 (= 049
18—24 21

Unit &6 Basic statistics

Properties of Arithmetic Mean

* & The sum of deviations of values measured from their A.M is always equal to zero

. ' i,c.i(x.-ui):o
i=l

=3 Thg sum of squared deviations of values measured from their AM is least
(minimum).

h — "

= Z()Cf = x) = Z(Xi o a)z » where X =AM and a = any constant
= i=1

B Ify,=ax, + b where a and b are some non-zero constants, than

e~ If K-subgroups of a data having their res
frequenciesn, n,, n,,

y=ax+hb.

pective means xi, x2,. X, with respective
.. . then the mean of the combined data is givenas:

B
-~ - = E nx,
= X, +nx,+...+nx,
F Xe = —

i=1

n
2n
i=]

Ht 1,4 n, o +n,

B Weighted mean

The numerical values which show the relative importance of different items are
called weights and the average of different items having different weights is called

weighted mean. Letx), x,, x,...x, are different values of items having weights w,, w.
w;, ... w,then weighted mean:

o 3 WA WX W, Z-‘?‘Vx
W, +W, +...+ W, Zw,-

Example E:S The marks obtained by a student in Maths, English, Urdu and Statistics

were 70, 60, 80, 65 respectively. Find the average if weights of 2, 1, 3, 1 are assigned to the
marks,

Fsttution,)

X W WX

70

140




EEKID] Moving Averages

i ith
& It is succession of averages (Ari

segments of a serie
\ available. It progresses by drop

I

meti
tinuously
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¢ means) derived from the successive
recomputed as new data becomeg

s of values. I! isgfl?:e arliest value and adding the latest value,
pin

E_Xamlﬂe E@iof May, daily temperatures were recorded as given in the 'tal?.l’e_ Calculate
I;Lclig;%nzfitn\;zera ge tcr;lperature.
T Temperature
Saturday 40
™ Sunday | 37
' Monday 36
| | Tuesday ° 38
" Wednesday | 37
- Thursday 41
Friday 19
T W 5 .
[~Solution )
L 3 day moving avemgc—‘
Days Temperature o
Saturday 40
Sunday 37 20+37+36 _ .
i z
Mondsy 36 71+36%38 _
3
Tuesday 38 3_6_+38_+£ -
: 3
~. | Wednesday 37 w —
Thursday I w e

Unit & Basic statistics

m‘ Lsiilz_l_:llliuu of Median, Mode and Quartiles graphically
(U] Median |

For median the class-boundaries are plotted on the horizontal axis and their cumulative
frequencies on the vertical-axis. Then points are located above the boundary points against
their respective cumulative frequencies. All the points are then joined by straight line to geta
curve called 'Ogive'.

Horizontal and vertical lines are drawn from the point where median is located, so the value
on the horizontal axis at which the vertical lines intersect the Ogive, determines the median.

Example

@ Find median graphically from the following frequency distribution:

C Classes | 10—14 | 15—19 | 20—24 | 25—29 [ 30—34 | 35— 39
1 v B 7 2 6 4
" Solution
Classes i Cumulative frm”mc“' Class-Boundaries
C.f
10— 14 1 95—145
15—19 5 6 145—19.5
20—24 7 13 19.5—245
25—129 2 15 245—295
30—34 6 21 - 295 —345
35—39 4 25 345—39.5

Median = gth item = %S-:hitem = 12.5th item
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ERROR ANALYSIS Describe and ‘F \7 _;/__ median ]I : (iii)ﬁQ;alrtilesl
correct the error made in finding the X To find the values of Qr and Qs from graph the cu lati ive) i
median of thedat s, 10, 11,24,45,41, 15, 45,24, 50| drawn. = p cumulative frequency polygon (ogive) is
(ii) Mode Example m Find Qi and Qs from the following distribution.
i We need histogram to estimate mode graphically which is explained with the help of the Marks 0—10 10— 20 20—30 30— %0 i
| following example. I 3 =
‘requency .
Example @ Find mode graphically from the following frequency distribution. _l_ 1 . l 3 2
Classes | 20—24 | 25—29 [ 30—34 | 35—39 | 40—44 [ 45 —a9 | 50—s4 ™ Solution 1
A e |
Frequency 1 4 8 11 15 9 2 Marks y of Location of Q = Eth item |
3 5 4 AEE
[Tsmi-'ﬁ"!!_:.:] 0—10 3 = 7 th item
Classes o Class-Boundaries ' 10 — 20 5 =% Sth item
20—24 I 19.5—24.5 20 —30 9 17 Location of Q; = " th item
25 —29 4 24.5—295 30— 40 3 20 422
30—34 8 29.5—34.5 40—50 | 2 22 e (T}h item
35—39 i 34.5—39.5 | = 16.5th item
40—44 15 395—445 4 :t Cumnulutive Frequency Polygon
45— 49 9 445—49.5 _ T F
! | s0-s4 | 2 49.5 — 54.5 o
2 I
154 Mode =41.5 i
144 -
i b1 Sis
3 10 +
E -
3 TR
0 S—F— —
% 0 15220 » 0 20
UST D5 U5 3952 M5 495 5485 £3 >

Q,=15,Q,=294
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v Exercise 6.3 . !
i ¥ e —r— 744 Y I 1 H
P L. The following sre tie weiepe B [ Measures of Dispersion
' 45,30 Zg ¢ weights (in kg) of Students of the 10" grade, 5' £ Dispersion is the scatterdness of values from it
221 25, 36,42, 27,31, 43, 49 and 50, BN LW | Types of measure of dispersion are:
Q 5 Calculate mean of the weights “R.,, o yp 5 R
. Find ; il iy LSy (i) -
\ . U!snn the mean of the weights given in Question by using short-cyt methoc‘t/ i (ii) Standard deviation (S.D)
i 'é :;st;med mean find the mean of the following numbers, * - {(iii) Variance
» 1248, 1252, 1244, 1249 ’ <
4. Find the m S o (i) Range
: Macks ezn f’f the following frequency distribution, The RANGE is the difference between the smallest observation and the largest observation.
Obtained by students of 10" class in mathematicg, Range = Largest value — Smallest value ;
Example |& What is the range of the data 209, 260, ]
5. Fi 2 2703113117 The range tells you how
- Find the medjap of the following data, et i different the observations
(i). Heights of boys in inches (~Solution | & are. A large range means
64, 65, 65. 66 : The largest value =311 that the observations are
" » 99, 00, 66, 66, 67 The smallest value =209 m very different. A smaller |
(ii). Salaries of 9 workers of 3 factory Range = largest value-smallest value range means that they are
7000, 6600, 8000, 4500, 7500, 11000 9000, 7500 Bange =311-209 =102, more similar.
6. Find the Arithmetic meap, Goor.. i : So the range is 102.
58 59 60, €ometric meap, Median and Mode of the follow;i N - ) " h J
20 62 64 g4 65 g7 Wing Example (01 Following are the names and heights of mountains in Karakoram, Find the
7. A 7 n 7n 73 67 68 range of heights. | adPa
+ AAset of data coptgj e
and 160, Showmatlﬁotg:;ﬁi‘;i:j :ﬁ, 145, 160, 157, 156 mean edia % K-2 8611m .
A . R an, - TH. & mode I g
8. From the following distribution \_,_:_.5‘ gll-'n:asdherbrum ggﬁ,}g
’ Ghasherbrum II 8035m
Ghasherbrum III 7952m
Ghasherbrum IV 7925m
Rakaposhi 7788m
Solution

The maximum height = 8611 m
. The minimum height = 7788 m
Range = maximum — minimum
= 8611 - 7788 = 823
So the range is 823 m.

Range is very rarely used as it does not tell us about the observations in-between the
largest and smallest values.

s



In the given data the low

groupis 29.5- S0
Range =29-5— 45=125
Example

The numbers of grams in yarious candy bars are listed

below.

Find the mean,

the nearest tenth if necessary- he

appropriate measure of central tendency OF range t0

describe the data. Justify your answer:

9,8,9, §1‘9,”l_3. 24

[~salution :
+ +13+24

riean: g+8+9 9;-9 13+24 _116¢

median: 8, 8,9 9,9,13,24

mode: 9 g occurs most frequently.

range: 24-8=16¢

measure of central tendency OF

The appropriate
affected by the highest value,

the mode. The mean is

range to describe the data

Unit 6 Basic statistics
Unit & Basic statistics

(i) Standard Devi ]

] Deviati

It is the positive smmm i
(arithmetic mean).

quare root
of the av
era
8¢ of squared deviations m
easured from A.M

ic. SD= 112(“;}2
= for ungrouped data
and SD= Zf(x*h
f Zf for frequency distribution

(iii) Variance

Vari i
iance is the square of standard

'S', Mathemati iati
. Mathemati o dev .
cally it is expressed 1ation. Variance is usual|

as:
P > (x—2)
o -————ZI2~ 2x : ;
3 P for ungrouped data
b [ AV
s for di
Zf Zf] or discrete and continuous data

t of the last

h

and §%= Z—{E___;):
). %3

or

]

[ Example 34)

Find the vari
ariance an
d standard deviation for the foll
ollowing data:

4 N 6,8, 10, 1
( Shhstion— N

5

X =

]

is the median o,
24 grams. -

B=31 1592&535*89793%2‘384{@6433 83279'50288
5923078164 06286 20899 36280 34825 34211 70679

41971

59399 37510 58200 74944 -
$2148 08651 32823 -~ -

| Mathematios N



b Example The following is the distribution for the number of rotten eggs found in 60

crates. Find the standard deviation and variance of the rotten eggs.

rx"' ofrotten | 4 4 | 4—8 | 8—12 | 12—16 \ 16—20 | 20— 24
eggs
[ No.oferates | 5 | 10 o | 6 | 4
{_ Solution_J
N L e ¢ | ¥ B
0—4 5 2 10 4 20
4—8 | 10 6 60 36 360
§—12 15 10 150 100 1500
12—16 20 14 280 196 3920
16—20 6 18 108 324 1944
20 —24 4 22 88 484 1936
| | 696 | 9680 |

. Variance = —%%; —[
&

60

_ 9680 g9_6]2
60

b3

=161.33 - 134.56 =26.77

S. D = Variance =~26.77 = 5.18 (Approximately)

CAtivity . .
Substances with pH values less than 7 are
acids, those with pH values greater than 7
are bases, and substances with pH values
equal to 7 are neutral. Test several solutions
and list the pH values. Make the frequency
table of pH values by completing the table
attheright.

pH number Tally
¢ B B
Less than 7
Equal to 7
Greater than 7 L'/J

*  Exercise 6.4
A

1. Find the range for the following items:

11, 13, 15, 21, 19, 23,

2. Abank branch manager was inter.

of customers. For this

sample of 12 customers was

following data .

5.47 9.91

Calculate the following

\ (it). Median
3. Calculate the Range, Variance and Stan

(i). Average

he carrie

|

Y,

4. The Following table shows the marks ob

dcsled inthe waiting times v
out a survey, A random |
selected and yielded the |

5.90 9.66 5.79 8.02 8.73 8.01 10.49 8.35 6,65 5.4

(iii). Standard Deviati
D eviation

tained by 10 students of two sections of 10

Find their

Section A 7 ' 9 ' 6 . 4 17 3
‘ SectionB_| 6 | 10 | 6 10 : : 71
: 9 9
(a) Arithmetic Mean (b) Variance

5. Followi
ollowing are the marks (out of 75) of the eight students in two subjects

class.

Student

Marks in Mathematics

Physicg

A |B |C |ID |E |F |G |m
54 (63 |59 [45 [52 |35 |61 |68
52 |55 (57 |51 [56 |58 |50 |59

Compare the standard deviation

more consistent.

of the marks and tell that in which subject students are

6. The following i ‘
; Ing is the distribution for the numbe i in 30 cart
in - er of defective bulb
dVariance and Standard Deviation of defective bulbs. ey v

No. of defective bulbs

6—8 [ 8—10

No. of packs (6

TR
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At the end of each question, four circles are given. Fill in the correct circle only.
(i). The difference between upper limit of two consecutive classes in a frequency
table is called.

O Class limit O Class interval O Class mark O Range
(ii). A cumulative frequency histogram is also called

O Histogram O Pie chart

O Ogive O frequency polygon

(iii). The number of times a value appears on a set of data is called
O frequency O average O mode O median

(iv). The data below represents the number of televisions that 11 students have in their
homes. Find the mode of the data.

3’2s l’ l, I!5$35 1’2, 152

O1 02 @3 . 04
(V). In which data set are the mean, median, mode, and range all the same
number?

01,2,3321.2 01,231,231
©1,3,3,3,2.31 0.2,2,1,2,3,2,3
(vi). Then" root of product of ‘n’ number of values is called.
QO arithmetic O geometric mean
O harmonic O standard deviation
(vii). In a set of data,
63, 65, 66, 67, 69, median is
O 63 O 66 O 67 O 69
(viii). In a set of data
41, 43, 47, 51, 57, 52, 59 median is

O 51 O 47 O 47 O none of these
(ix). In the given set of data 5,7,7,5, 3,7,2, 8, 2 mode is

09 0.5 0% 07
(x). In the given set of data §, 5, 5, 5, 5, 5, 5 the standard deviation is

O5 oo oF O none of these
(xi). -The average pocket money of 30 student is Rs. 20/-. The total amount in the

class is

" O Rs. 30/~ O Rs. 300/- O Rs. 600/-

O Rs. 20/-

Unit 6 Basic statistics

(xii). The sum of 30 observationg is 1500, |

ts avera i
o ge will be
iid) Thel Z?f{’:'ere £ L i O smome n s
( O M nce of the largest ang smallest value in the data is called
e o O Mode ORig 'O Sendaiderinin
(xiv). The formula “=—determines
n
O Arithmetic Mean ;
O Mode 8 g ::Ian

(xv). What is the difference between the m,
SetA: {2, -], 7,-4,11,3)
SetB: {12, 5,3, 4, 1,-7}

€an of Set B and the median of Set A?

o O 0 O 05 01
._-_ 2 i
(xvi). 2/(-%) is called
2ok

O Range O Median O sbp O Variance
(xvii).The most frequent value in the data is called jts

O Mean O Median O Mode O GM

2. The ages (in years) of 27 students of 10* iven. Prepare a frequency distribut:
of suitable class interya], 3 e : v s

» 17 16, 16, 17, 16, 16, 17, 13, 18,

s, 17 19 18 18 17 16
3 3 ? 5 t] 2 » ]5! ’
Y. W 98 15 K98 i WO
3. Prepare a histogram of the following table; |
D E '
120 110 72 169
q,
Prepare 5 frequency polygon of the following frequency distribution.
Score in test Frequenc)
0-10 2 |
11=2] , 7
2232 bl :
33-43 o |
44-50 5 <
A Msﬁ:munsx
NOT FOR SALE | -
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- rrﬂ]uency POE gon_‘ fuograms of 250 boys, Represent these data by means
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P00 ®

)

@

o0 e ®

® ré).

S—_——

A set of raw data can be org
frequency table,

A frequency table can be representeqd graphically by 3 Histogram,
Ahistogram is a vertical bar graph with 1o spacein between the bars,
Thearea of each bar is proportional to the frequency it represents,

anized and thep arranged in an orderly way in the form ofa

The median is the middle value when a set of data is arranged in order of increasing
magnitude. the median divides a set of data into two equal halves.

The middle value of the lower half is the lower quartile and the middle value of the
upper halfis the upper quartile, The lower quartile, the median and the upper quartile
which divides the data into four cqual parts are called quartiles.

The inter quartile ra nge ofaset of numbers is the difference between the upper quartile
and the lower quartile.

Asetofdata can be described by numerical quantities called av erascs,

The three common averages are the mean, the median and the mode.

The modeis the number that occurs most frequently.

The mean is the sum of values divided by the numbq of values in a set of data.

The mean of a set of grouped data isx= %in, where x is the middle value of the class

interval and fig the frequency of the class interval.
:I'he median for an odd number of data is the middle value when the data are arranged

'Nascending/descending order. _
i when th
Thﬁ-modinn for an even number of data is the mean of the two middle values e

dataare arranged in ascending/descending order.




Unit 7 Introduction to trigonometrg

Why it’simportant

INTRODU'C_TION ' s, peatig s e

29,035 feet. The heights of
mountains can be found using
trigonometry,

Trigonometry is used ip

TRIGNOMETRY

e . navigation, building, and

h s_tudents ’wl_l_[j_e ‘!l_’,le_ to engi_neering. For centurjes
Muslims used trigonometry anci

® Measure an angle in sexagesimal system (degree, minute and second). :
® Convertanangle givenin D°M'S" form into a decimal form and vice versa. ' the stars to navigate across the
Arabian desert to Mecca, the

® Define a radian (measure of an angle in circular system) and prove the relationship between birthplace of the p b
rophet g

radians and degrees. < : Muh d ..
@ Establish the rule £ = ), where r is the radius of the circle, £ the length of circular arc and 0 the S e g R
Islam. The ancient Greeks used

central angle measured in radians.
ions of thousands of stars
. ; and worked =
, trigonom out the motion of
master molecule that determines how wzhgr(;;u;f to study the structure of DNA, 3::
m a

@ Prove that the area of a sector of a circle is %rzﬁ ;

@ Define and identify: . 2
® o  general angle (coterminal angles) developed adult and much more. single cell to a complex, fully
o angle in standard position. Activity éfa
. -
ol RecOpETD quadmﬂ.ts anc} anconiiol f g ; ot How ratios in right triangles used in
@ Define trigonometric ratios and their reciprocals with the help of a unit circle. In parasailing, a s In the real world?
: : ! Sedtoattach the parachute to the boa
t.

@ Recall the values of trigonometric ratios for 45°,30°,60°.

@ Recognize signs of trigonometric ratios in different quadrants.

® Find the values of remaining trigonometric ratios if one trigonometric ratio is given.

® Calculate thevalues of trigonometric ratios for 0°,90°, 180°, 270°,360°.

® Prove the trigonometric identities and apply them to show different trigonometric relations.
® Findangle of elevation and depression. .

B Solvereal life problems involving angle of elevation and depression.

Sine Cosine ‘Tangent

C

(@. w i i
b for];zt? type of tlnangle do the towrope, water, and height of the person above the water
(c). ‘t’vfgat is the hypotenuse of the triangle.
( d}‘ Wh’at tn_)e of angle do the towrope and the water form?
(e)l Othmh side is opposite this angle?
+ Vther than the hypotenuse, what is the side adjacent to this angle.




Unit 7 Introduction to trigonometry

- .-
7.1

Sexagesimal system (Degree, minute and second)
Sexagesimal (base 60) is a numeral system with sixty as its base. It originated with the ancient
Sumerians in the 3" millennium BC, was passed down to the ancient Babylonians, and is still
used—in a modified form—for measuring time, angles and geographic coordinates.

It is a system of measurement of angles, in which angles are
measured in degrees, minutes and seconds. Ifthe initial ray QA
completes one rotation in anticlock wise direction, then the angle
formed s said to be 360 degree or 360°.

One complete rotation = 360°.

% of complete rotation = 180° is called straight angle.

s of complete rotation = 90° is called right angle. )
4 ) A complete 360° rotation

180°
m ('\900
‘ i >
terminal side
s 180°
\ terminal side O, < m > C
0 A initalside A inal side O A
initia terminal side initial side 0 A
initial side

Thus one degree is defined as the measure % th of a complete rotation and it is denoted

by“1°% ; b B
; 9 Try This
A degree is further divided into 60 equal parts called Sy_ C t 5°42'30" to
minutes and each minute is further subdivided into 60 equal | (- Convert 5 .
; i decimal degree notation.
parts called seconds. We denote minute by (‘) and second l
L

; Convert 72.18° D°M'S"
by ("). (i). to decimal degree
notation.

1° = 60 minutes =60"-
I' =60 seconds=60"
1° = 3600" seconds=3600"

49 degree 25 minutes and 15 seconds are written in symbolic form as 49°25'15"

. Unit 7 Introduction to trigonometry 1 .
EAAS Conversion of D°M'S" form jngo decimal form d .
and vice versa

[ Example ﬂ Convert 15°30'25” 1, decimal form Activity '

Solution . since l'.__[-_l_)o and p7_(_1 Use coolconversion.com
" 3600 to covert 142°34'12" to

r decimal degrees. And
therefore, 15°30'25" =[IS+3OX—1—+25>< 1 also 142.57° to D°M'S"”
3600

form.,
=[15+05 + 0.00694)°

=15.50694°
[t Example E Convert 38.39° to pepyg”

s

g

o e en

form.

Solution Since 1°= 60’ and I'=60"
therefore; 38390 =38°+( 0.39)°
38.39°=38°+(0.39x60)
=38°+(23.4)
=38°4+23'+(0.4)
=38°23'+(0.4x60)"
=38°23'24"

WBIEN Circular system-(Radians)
So far we have been using the measureme

; nt of 360
rotation. However, this value is ailitiy to denote the angle for one complete

and in some branches of mathematic '
S Ty a s, angular
;g;‘.::)s&lrenélem cannot be conveniently done in degrees. Thus a new unit called the radiE: is
S :Ce to describe the-rr!agnlru_de of an angle. This system of angular measm'eme,nt,
ik :;1; circular measure; 1s applied specially to those branches of mathematics which
Ve the differentiation and Integration of trigonometric ratios. S

Aradian is the measy
_ re of the angle subtended at the centre of a ircl i
length to it radius r of the circle. i

In general radians is the ratio of the length of an arc to

the radius of the circle, - .
ie. 0= -{
3 r r
In the following figure, the radius of circle is » and ‘
length ofan arc AB is also r then angle subtended at —>
the centre jg oneradiani.e. Initial side

mAAOB =L =1 rudisii.
r

:_r 01“9 radian is an angle subtended at the centre by an arc of length equal to radius of
Ircle,




' Relation between radians and degrees

If Tis radlus of circle then number of radians in one complete rotation is given by
circumference of circle
radius of circle
Since circumference of circle =2nr
Therefore number of radians in one complete rotation = o =2n radians but 2z

Unit 7 Introduction to trigonometry

r
radian=360° because the circumference of a circle subtends an angle of measure 360°.

Hence we establish a relation between angles measure in radians and the angles measure
indegrees as follows.

27 radians=360°
7 radians =180°............ou...... (i)

T radians =90°
2
. I radians =60°
1;— radians =30° and so on. Target r
- : : 180" 180°
H l (+] " P
ence, radian = ©  3.14159 ~57.296 To find equivalents for

Iradian =57.3°
umlarly from (i) we have
180°=nt radians
_®__3.14159

180 180
1° = 0.0175radians

1°=0.0175,

radian and degree measure.

=5 %= radians

l)ld\ouhnm\’ _— e ——

? WHAT IS A 'GOOGOL' ?

Y Googol is one of the largest numbers that has ever been named. It has been defined as |
' 1 followed by one hundred zeros;

' 10000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000

' | However, a googol can be expressed using exponents, as 10

s sl S e - 2)

¥

—— —— s |
Unit 7 Introduction to trigonometry : . . ; :'.
IJ .l‘_:.{‘f"_'![’le___ =4} Convert 5,?2 radians to degrees.
Solution ' Since 7 radians = 180°
4 ?
dlireione _7E =2(180°) = 102.85714° '
=102°51'26" (&3
[} Example [:’:—Q Convert 31° 45’ to radians, r i
e Al ! y ¥ 4
Solution | Since 180°=7 radians |
1° =— radians

180
As 3145' =31.75°

31%45' =3l.75xi% radians

. 31.75x3.14159
180
=0.5541 radians

radians

s+ Exercise 7.1

1. Convert the following angles from D°M'S” forms to decimal forms.

(). 8°15735" (i).  39°48'55"
(iti).  84°19'10" (iv). 18°21"
2. Coqyen the following angles from decimal forms to D°M'S".
). 4225° (). 57.325°
(i), 12.9956° (iv). 32.625°
3. Convert the following radian measures of angles into the measures of degrees.
(- 2 radians (i) 53—“ radians
(i) "L cadians (iv). -% radians
4. Convert the following angles in terms of radians.
().  45° (i).  120°
(). —210° (iv). 60°35’48"

NOIREOR S LE m—




. Sector of a circle
BEFER Lcngth of an arc of circle
Consider a circle with centre 'O’ and radius r, which subtends an angle 0 radian at the centre

O.LetAB is the minor arc of the circle whose lengthis equal to £ as shown in figure.
By the definition of radian, we have

Radian - length of an arc AB
radius of cirlce

'B=£
r

or l=ro

Which gives length of an arc in terms of angle (in radian)
subtended at the center ofa circle

||_ F:‘.xa_lmp_l_e ,'ﬂ_ Find the length of an arc of a circle of radius 5 cm which subtends an angle

of 3;_:: radians at the centre.

- Solution r=5cm
0= 3—“ radians
4
£=?
we have
{=rb
f:SxE-:EE:]L?S cm
4 4

Hence length of an arc = | 1.78 cm.

I Example 6 |

Find the distance travelled by a cyclist moving on a
circle of radius 15m, if he makes 3.5 resolutions.

lution ; .
So . o [ revolution = 27 radians

3.5revolution=2rx3.5m
Distance travelled =/ =10
1=15x2nx3.5= 105t m

Unit 7 Introduction to trigonometry

e — e e e e o

.

S Activity fﬁt

Unit 7 Introduction to trigonometry

o=y

[ Example 8 Anarc of length 2.5 cm of a ¢j
diameter 6 cm. Find the value of g,

rele subtends an angle 0 at the centre O of

Solution Here
mAB = 6cm
OB =0C = r=3cm
mBC = 2.5¢m
0=
We know that ¢=rg@
= 0 ot

r

9= 2_35_ % 0=0.833 radian,

[l Example Eﬁ Iflength of an arc of a circle is 5 cm which subtends an angle of measure
60°, find the radius of the circle.

Solution £=5cm " m‘““ :
0=60°= Sun radians In general ,
180 . The length of an arc
=1.047radians =x/360 % circumference
- r=? The length of an arc
We have formula ¢ =g =x/360 x 2nr
h The area of a sector
= =i=—5_ =x/360 x area of the circle
0 1.047 =x/360 x 1
r=478m

Hence radius of circle is 4.78cm.

go\\];do We measure the distance between two points, A and B, on
arth?

We measure along a circle with a center C, atthe center of Earth. The
Tadius of the circle js equal to the distance from C to the surface. Use
the fact that Earth js sphere of radius equal to approximately 4000
miles to solye the following questions.

(@). Iftwo points A and B, are 8000 miles apart, express angle 8 in radians and in degrees.
(b). Iftwo points A and B, are 10,000 miles apart, express angle 6 in radians and in degrees.
(©). 1f6=30°, find the distance between A and B to the nearest mile.

-..__El-__l_f_'ﬂ_‘:‘_lg’, find the distance between A and B to the nearest mile.
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- ! .
e Area of sector '

Consider a circle of radius r with centre O, PQ is an arc which subtends an angle 0 radians at

-«

Exercise 7.2

—

1. Find ¢ when

the centre as shown in figure.
& . e :
By proportion, it is clear that ‘ _ (i). 8= s radian, r=2¢m (i). 9=30°, r=6c
Area of sector POQ _ Central angle of sector R 4 ¥ty
Area of circle 2n - (i) 0= ?" radian, r=6cm
Area of sec:or FOQ- . 8 2. Find 6 when .
nr 2n ; (i. £=5cm, r=2cm (l). £=30cm, r=6cm
=  Area of sector POQ:imcr2 E @ 4= 6cm,l F=LETem
2n 3. Fined r when
™ . B i 3
=>  Area of sector POQ=EI'9 (1). 3 radians, £ = 2ecm - (ii). 9=3—21-ra.dims,t=;m
Hence, Area of sector of a circle with radius r, whose central angle is 6 radian is given (iii). 0= 3n radians, £ =15¢m
by 1 4
A= Er’ﬁ 4. Find the area of sector of a circle wh d
. _ acircle whose radius is 4 m, with central angle 12 radi
3o _ 5. Thtf arc ofa circle subtends an angle of 30° at the centre. The radius ogfcirclgs ISa::lm find;
) Example . T % i (. fLeil:gth of the arc (ii).  Area of sector formed.
Find the area of sector with central angle of 60° in a circular region whose radius is 5 cm. » Anarcof a circle subtends an angle of 2 radian at th :
I R W e raius of the circ]ge ¥ atthe centre. Ifthe area of sector formed is

:' f[l a Clrc]e Of rad. ; ] y p g on th]s Cl.lcle
S l’l‘l, ﬁn he dlstallce e].l d b n i
: 1u; ]U [1 t trav e a point movin
l! ﬂle ]JDlllt I lakes 3.5 IC\-'O[LItiOnS. (3.5 Ie i«O[uIlOnS e, ; “).

8. What ?s the circular measure of the angle between the hands of the watch at 3 o’clock.
9. What is the length of the arc 4PB?

Solution

r=>5cm

6= 60° = 60 -2 radian =1.047 radian

1
Area of sector ~ = : r’o

|
_5(5) (1.047)

=13.08cm’

i o e e

' What are digits? . ) :
' Digits are actually the alphabets of numbers. Just as we use the twenty-six letters 0
| the alphabet to build words, we use the ten digits 0, 1,2,3,4,5,6, 7,8, and 9 to

build numerals. =

-

[EEEE———L_ L



Trigonometric Ratios

i i 1 tool for making indi
g&ﬁgﬁﬁzﬁﬁf :o‘T;ri? the field of surveying,
branches of physical science. NP
(a) The general angle (Cntcr!lllll'ﬂl oy lled coterminal angles, and they differ
Angles having the same initial and terminal sides artlel C; T
byfmultiple of 2w radians or 360°. They are als'o calledg S
Iflet © = 30° is a terminal angle, then it coterminal angles ar

and —330° as shown in the following figures.

B B
: / oF
o *36“
B\ 30° = ,m'w —
0 A 0N~ L

ig.(b
Fig.(a) Fig.(b)

Unit 7 Introduction to trigonnme:rg

ot measurements of distance or height. J¢
1.emawigation, engineering and many other

Combining figures a, b, ¢ we have

i i i le add a
To find a positive and negative general angles (cote : : s rleld
t B lil the gi\"ell gl is sured 1n degrees, or 2wifthe given angle 1
subtract 360°, if th angle is measured in de measured
inradians. For 3xamplc

T
coterminal angles of 3 are
@) -’33+ =

P 5
and (i) 3'2“"

e

Unit 7 Introduction to trignnometry

[l Example E Find cotermina| angle of 6(°

Solution  Since  60°+360° = 4900
and 60°— 360° = -300°
therefore 420° and -300° are coterminal angles of 60°
Now —60°+360° =300° 5

and " -60°-360° = —-420p
therefore 300° and —42¢°

(b) Angle in standaed position
In XY-plane, an angle is in standard position if
® its vertex is at the origin of a rectan
& its initial side lies along the positiv
An angle is said to be positive if it is measured in anticlock wi
axis and is negative, if it is measured clock:

terminal side is in anti-clock wise direction
clock wise direction makes an angle of measu

and -60°

are coterminal angles of - 60°,

gular coordinate system and
€ X-axis,

! se direction from positive x-
wise from +ve x-axis. In the following figure

which makes an angle of measure 45° and in
re—45°,

.

m (2} Quadrants

The Cartesian plane is divided into four quadrants and the angle @ is said to be in the quadrant
Where OP [jes,

Inthe diagram, 0 is in the first quadrant,

As shown in figure (b).
Y4 vA

P(xy) Quadrant 1l | Quadrant]

L y x<0,y>0 | x>0,y>0
e 9 > < >
X’ 0 X X i 0 h 4

Quadrant 111 | Quadrant IV

x>0,y<0




—

(b) Quadrantal angles

Quadrantal angles are those angles whose terminal sides
coincide with co-ordinate axes i.e. x-axis or y-axis. The
Quadrantal measures of angles are 0%, 90°, 180°, 270° and

360°0r0, =, m, 3—;— and 2n radians as shown in figure.
y Exercise 7.3

1. Find coterminal angles of the following angles.

(i).. 55° (u) ~45° (1ii). g (1v).
2. State the quadrant in which the following angles lie?
@, 8% Gy 7, (G -818° (V)
5

Trigonometric ratios
A trigonometric ratio is a ratio of lengths of two si
are used to find the measure of a side or an acute ang

ratios for any acute angle 6 of aright triangle ABC are
opposite side of 6

hypotenuse
adjacent side of 0

hypotenuse
opposite side of 6
adjacent side of 6

sin® =

cos 0

Unit 7 Introduction to trigonometry

¥1

7a>

x o =
220° 360°
—3n y’L
3
=% fog
4

des in a right triangle. Trigonometric ratios
le in a right triangle. The trigonometric

1 hypotenuse

cosec 6= sin® _ opposite site of 0

1 _ hypotenuse
adjacent

e = =
e cos 0

Ed o adjacent
tan 6 opposite

cotB =

A trick to remember Trigonometric formulas
some people have
curly brown hair
through proper brushing

Opposite

/ .

Unit 7 Introduction to trigonometrg

Consider a circle with centre 0 and radius |

7.3.3.1 Trigonometric ratios with the help a unit ¢ :
Circle

e unit ci ;
Radius OP makes anangle 6 with the positi (unit circle). P (x, ) is any point on the circle.

v

AL s ; ex-axi 5 :
in radians. Draw a perpendicular BA on x.g 15. 0 can be measured either in degrees or

m £ A=90°as shown in the figure. A

In AOAP opposite side of 0 is AP = ¥, adjacent

side of 0 is OA = x and hypotenuse is Op = |

15, 50 that OAP is a right triangle in which

Therefore by definition Y
sin® = OPPOSite side = _é:-li " _3-1- . ) P(x,))
hypotenuse QP 1 ° 1 i
. . i |
cosezw=i{_:fﬁx ( 3 :y
: hypotenuse = Op 1 = X of * A |x
and tanezwzizi
adjacentside OP «x
Hence trigonometric ratios of a unit circle are
sin@=y (the y co-ordinate of P) ™
cosO=x (the x co-ordinate of P)
- [y co—ordinate of P
X x co—ordinate of P

Reciprocal trigonometric ratios

cosecﬁ:i:l:—l_

AP y sinb

OA x cosf

and cg[@_;:i:@
mf‘” AP y sin@
= important points o he noted)

e 7

L. If O lies in 1* Quadrant, then we can write as 0 <9*<-i£ or0 <6 <90°.
2. If O lies in 2™ Quadrant, then we can write as %-ﬁeﬁn or 90°<0 <180°.
3. 1If O lies in 3¢ Quadrant, then we can write as T < 0 4331: or 180°<0 < 270°.

4. If O lics in 4" Quadrant, then we can write as —_;E <P <2m or270° <0 <360°.
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m Values of irigenometric ratios for 45°, 30° aud 60°

The values of trigonometric ratios for45°, 30° and 60° are given in the following table.

T-ratio\ © 30° Fi 45° 5 60° '
k) 2 - S PSR
1 ' - |
"sin® : || —_ ; ﬁ !
sl )| : | ¢ | 2 |
1 ;
cos@ _‘é_g | 5 _. % ;
TR S e 1 i B
tan@ .‘ iy _ 1 | 4% .
E :' | 2
cosec @ J 2 | 2 | 7
|
P L __J,.‘ s 2 2 _! =
secO J 5 ' 2 2
S B -+ - | L
cot [ 3 | \{5

Recognizing signs of trigononmeteic ratios in different Quadrants
Signs of trigonometric ratios are different in different quadrants depending upbn the terminal
side of the angle 6.

(i). If O lies in first quadrant, then x > 0, y > 0

Y.
therefore sin6, cos6, tand, cosec, sech, tanf ; T
areall positive. Quadrant Il {  Quadrant I
(ii). If O lies in 2" quadrant, then x<0,y>0 cs:::::;dt fun?rli]n =
therefore sin@ and cosecO are positive and the positive positive
remaining four trigonometric ratios are - - —> X
negative. Quadrant Tl | Quadrant IV
(iii). If © lies in 3" quadrant, then x < 0, y < 0 Ctangentand | cosine and
therefore tan® and cotf are positive and the cotangent secant
remaining four trigonometric ratios are positive positive
negative. ’

(iv). If6 liesin4" quadrant, then x>0, ¥ <0therefore cos6 and sec are positive and the
remaining trigonometric ratios are negative.

These four results are summarized in the figure at the right.

b @.’??{ml'ﬂc

'a-..SPhI_ﬁon_

——— e~ TR

. V
;
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b Example ([} Find the signs of the gojjour. .
g —- o . ‘ : ’
quadrant they lie? Wing trigonometric ratios and tell in which
(1) sin 105° i) g =% - :
) i n p (i)  sec 1030 (iv) cot710°
. Solution

(i) 0=105°liesin 2" quadrant, therefore sin 1050

; also lies jn 2™
Quadrantand hence sign ofsin 1 50 is positive, e

e S
(ii) Since —6—7: lies in the 3" quadrant, therefore
-5 X
fin [_6_J: —tan %‘E also lies in 34 X

quadrant and it has positive sign. As
shown in figure, .

(iii) Since 6=1030°=720°+ 3 10°, therefore it lies jn 4°

quadrant and sec 1030° jn 4* qQuadrant has positive
sign.

(1v) Since 0 = 710° = 360° + 350°

therefore it lies in 4* quadrant and _, |
cot710°in4“‘quadrantisnegative. « 6

710°

r'd

: (E Iftan 6 < 0 and cos 6> 0, péme the quadrant in which angle  lies.

Try This
When tan g < 0, 6 lies in quadrant IT or IV, When cos 0 > 0, AL

0 lies in qve s : ;
'8 In quadrant [ or IV. When both conditions are met | 1 50 8 <0and cos 6 <0,

t name the quadrant i
(ane“f)gndcos 0>0), 6 must lie inquadrant IV, whic;mgkgﬁm Gt
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m Finding the values of remaining trigonometric ratios if one trigonometrie x =3
ratiois given cosG:-—:—J—__-zh_jL_ﬂ
’ r w3 13
" Example {13] Iftan 8= 1, find the other trigonometric ratios, when 6 lies in first quadran;. gt 2. 3
Ol =—=-—xv=_Z
_Solution ; tan6=1=2 ¥4 FE TR
o Vi3
= y=1 and x=1 Pis COSCC@=£=-———
Hence by Pythagoras theorem; ) _ 5 A
rr=xt+y? 2 . r 13 i3
2 2 2 : LR sech=—=—"=_Y¥""7
P=(1)+(1)' =1+1 0 * = 3
=2 o| «x A |y = 4 .
5 l Example 5 If cos 0 = 5 where 6 lies in 4 quadrant, find the values of other
i / trigonometric ratios.
Therefore  sinf=2 = i o L
erefore  sinf= S ——2 _/ : Solution Given
: 4Qx
1 Y s 0=—=2=
e — E =—— cos =
cos s 5 Jr
‘ = x=4 and r=5 X’ X
°°t9=i=£=1 Hence by Pyth th . o 4
e y Pythagoras theorem; O,
2 e LES
cosecO = i . 3/—5 =+ 2 2 2 2 2 ' 3
iy o=ri-xt=(5) +(4) =25-16=9 A
me=£=_‘@=ﬁ V=9 = y=143 o1
% J »=-3( Olies in 4" quadrant.)
h E‘_a“‘l"" E Given thﬂ.t tan(-):-—g and 0 is in the second quadrant, find the other Therefore,
function values. - spged o2 .3
YA
. Solution . tan 6 = Z=—E=—2—, ‘ e Try This
"‘3 ¥y ‘—3 3 s ,
~y=2and x=-3 O\ i x 4 4 If sin0 = and 6 liesin
Hence by Pythagoras theorem; .z"‘\ﬁ cotf="_ 13 = _; 2™ Quadrant, find the other
eyt | foicn s 22 Y ; trigonometric ratios,
5 x r
P =(=3)+2) =944=13 se,-ce:;=Z
2
r'=13 o Bt o il cosecO="-3 __3
Expressing — : as °_ sine 0 is in qua y =3 3

r=+13

Therefore,

-' ‘Mathematics X

P —— i
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Ry e | |

" | I Calculatingthcvaluesoftrigonnmclric ratios 0f 0°,90°, 180°,270° ang 340

Trigonometric ratio of 0° ' e 2 OV
Bt et e o e ; ok In this case, the terminal side Op of angle 180 e 5
s with Ox

3 inal side OP of the angle 6° coincides with OX'.
In XY-plane, the f"“”_‘ial side OP o g Therefore  OP = =1
Therefore radius OP=r =1 or x==1 and y=( y
or x:l andy=0 g o 0 R 4
. sin180 _-—_—.ﬁ-g x=-] y=0 )
S0 sin0° = Z=T=0 ' e
o X _
cos180°==
cos0°=> = =1 = 4
-1 : tan180° =2 =
y 0 I x
tan0°===—=0 -1
x il cosec180° =L
cot0°= X undefined X
»y 9 sec1800="
cosec0°= i:%u undefined i
¥
1 COHSOO-"_:-—* undefined
sec0®= -’;—T=1 -J'. e
X

In this case, the terminal side OP of angle 270° coincides with oy

Trigonometric | ratlo of9I}°

The terminal side OP of angle 90° coincides with OY . : Therefore QP =y = 1
— or = - y
Therefore OP=r=1 x=0 and y=-1 Y
or x=0and y=1 y sin270°=l=:l=_1 1
_ 1
g b : % 0=2702
Hence sin90°= ” 1—1 x=0 y:l 005270‘3:{___9:0 ] \
x 0 - rol . ———
c0s90°===—=0 ¢ o B = -1 \‘ 1
r1 10 P=(1,0) an270 e undefined @2_
o= - L _ undefined b P=(1-
tan90 "0 undefine \92900 cosec270°=£=_1_____1 (1, DJ.
X - |
& y 1 = ‘ 1 SCCZ?U"“—.:-‘—:{_).: undeﬁned .’__f ] »";;:_T;E:ﬂl_f-
°=£=l=undeﬁ d
sec90 o ne Cot270°=f=_0_=0
0 roo—r
cot90° =2 == =0
y 1
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v Exercise 7.4
In this case, the terminal side H(F‘of angle 360° coincides with OX.

1, Find the signs of the following trigonometric ratios and tell in w
Therefore OP=r=]

hich quadrant they lig?

- . (I] sin 98¢ (II) sin 160° []]I) tan 200°
or x=1 and ¥y =0 Y, (i\,)_ sec 120° (\'J. cosec [98° (\’i). sin 460° i
in360°=2 = 0 0 b 2, Find the trigonometric ratios of the following angles.
. NS L (i). -180° (ii). —270° (iii).  720° -
x 1 (iv). 1470°
b r =I = = { 3. If secB =2 where 0 lies in 4"’quadrant, find the other values of trigonometric ratios,
tan 360° Sy in N 0 ‘ 4. Ifsin 0 =g and §< 0 < then find other trigonometric ratios.
- ; ) 5. Find the values of "
i - e e c0s45°
R S T (). 2sin45°cosdse (i), [2n00°—tand0c - L o

1 + tan60° tan30° sin45° + tan45°
L S S |
(iv). tan30° tan60° + tand5° (v). 0053 COSE —sin Esm 5
fi. In which quadrant 6 lies?
(i). sin®>0, tanO>0 (ii). sin@®<0, cotB>0 (tii). sinB>0, cosf<0
(iv). cos®>0, cosecO<( (v). tanB<0, secO>0 (vi. cosB<0, tanf<0
7. For each triangle, find each missing measure to two decimal places.

' (i). ' (i, (iih.
| ' 3
not

)
21° ;
Tl J
73 I
12

I
i ] ' :
0 —= YL ¢ ;
tnd 3 ' ! [ I dcﬁf‘ec_l ¢. The irregular blye shape in the diagram
_____ . e 1 [ ; | represel}ts alake. The distance across the
not N} ’ —_ | 0 | : ake, a, is unknown, To find this distance,
ey defined V3 | asurveyor took the measurements shown
SR el S MY B SSEiTa not :Et € figure. What is the distance across
1 TE | \E 2 | defined elake?
secB 3| [
e = —rt : 5 F
no
_cosec defined : V2 &




: Trigonometric identities

For any realnumber 6 , we have following fundamental trigonometric identities.
oran i

in__ 2
204+sin?0=1 (i) 1+tan’@=sec’0 1111 14 cot® B =cosec’d
11} CcOS = . i "
151 i i BC in which F
-vof Consider a right triangle A
o mZACB=90°, mZBAC=6 I /l
mAB=c, mAC=b and mCB=a
2 a 0= g o
Then we have  sinB= ? cos > /
c =
tanB:%,secB;E (ii) F
cotf= 2, cosecB == (iii) Ae
a a !
Pythagoras theorem A b
- F=b+a (iv)
Dividing both sides by ¢*, we have
& _p,@
¢ & c

2 2
b a
= ‘=(E] *U
. § -4 i), we get
Putting the values of 3 and w from (i), we g

1= (cos@)2 +(sin B)2
—  1=cos’0+sin’0
294sin’0=1 )
or cos” 0+ sin
' Now dividing equation (iv) by b?, we have
CZ bl a_Z
R B

-+

Putting values from (ii), we get \
(secﬁ)z =1+(tan0)
-  sec’®=1+tan’0

v [earo=secd 8
e
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Again dividing Eq. (iv) bya?, we have
& B g
S e i

ol S J
2 2
-
a a
"' Putting values from (3), we get

(c:.)secﬁ'!)2 ={cot9)2 +1
=5 cosec’ 0 =cot?0+]

or 1+cot® 8 =cosec?0

(vii)

Solution L.H.S = (sin@+cos {-})2

=$in" 6+ cos® 6 +2 sin O cos §
=1+2sinBcosO [ sin? 04+ cos? 0 = 1]
=RHS
Henc:e (sin O +cos E))2 =1+2sinOcosO
U Example 78} Prove that sin® = i—cas g
Solution = As we know that
cos’ 0+ sin* = |
= sin®0=1-cos?0

= sin@=+/1-cos*0

Which is the required result,

]ek:k
s 1= sin?
I E‘?‘F‘EP[C [L*_:i Prove that —l_—in—e= cot S
sin@
Solution LHS_\!I—SinZB i a.:a'_
T sin 6 b & \
As we know that ‘s %
cos’ 0 +sin’ 0 =1 P ¢ \
= cos’ 0 =1-sin?@ i e \
Hence LHg§= _____"cosze cos

- =——=cotO=RH.S
sin@ sin@

Vi-sin?g

Hence,

=cotb
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1+sin’ 0 g A i

: PO il 5 ngle of Elevation an i

\ Example (] Prove that sec” 0+ tan’ 0=1—"5 75 Al o _ d Depression
! s Many applications of right triangle trigonometry

me— 8 ;) wnz e i =
_ Solution .. | LHS = Secl 0+ g o involve the angle made with an imaginary horizontal gmer e 0‘:}‘?}“ T
N — line. As shown in the figure , an angle formed bya here Lohb"‘ﬁ
05’0 cos:O horizontal line and the line of sight to an object thatis - \ Y SR IHerizoms
Lo o above the horizontal line is called the angle of 777 7. Adeleof
S s clevation. The angle formed by a horizontal line and -/ 2 .. e - d"““ssnm
i Bt the'lme of_‘ s:_ght to an object that is below the =~ * B
T =1 horizontal line is called the angle of depression. R

il Example :331 An aerial

. -4 _ photographer who photographs a f:
determ_med from experience that the best photo is takin apt a ;c?gni:i];?‘uasspﬁzrﬁ:;m%?
and a distance of 850 ft from the farmhouse. What is the angle of depression from the g]ane to

(e 5
= 00529=I — SN 0

Putting value of cos’ 8 in (i), we get

LHS = 33 sinj 2 R.H.S the house?
=3 _ Solution
e 1+sin’ 0 When parallel lines are cut by a transversal, alternate
: sec?0+tan’B=——3 interior angles are equal. Thus the angle of depression
i 1-sin" 0 from the plane to the house,, is equal to the angle of

e[evgtion from the house to the plane, so we can use

. Exercise 15 - ) the right triangle shown in the figure. Since we know
; :

— the side opposite /B and the hypotenuse, we can find

Prove the following trigonometric identities. 4B by using the sine function,

1+ sinB
1. (sec’0- 1) cos* 0= sin’ 6 % mbaecl=s o8 sin 8= sin B = ;;gﬂ- ~0.5588 g s
2 i
3. (cosO-sin0) =1-2sin@cos® 4, cos’®—sin’@=2cos™0-1 fi o
' 1-sin®  cosf Thus t} . B=34
5, tan+cot 0 =secfcosecO 6. =8 S inb . 1us the angle of depression is approximately 34°.
i | E,'& 2 B . >

7. sinBy1+tan’ 0 =tan0 8. cos@=+/1-sin’0 a' v‘"“m‘" To measure cloud heightat night,

1 & Ao n cl;i:]flcgl beam of light is directed on a spot on the
9. (1+cos0)(1- cosﬁ):m 10. cosx—cosxsin’ x=¢ - o }:om a poin 135 R away fron e Hen, h

: sinx  l—cosx bet '33'5{0 e ;Pgle of elevation to the spot is found to d _
sinx_ I+cosx ¥ e 12. e = ™ - -7 Find the height of the cloud.

"l4cosx sinx
1,

Solution  From the figure, we have tan 67.35°

14. cos'b—sin'b=1- 2sin’b

=tk =2+ 2cot’ a : %
cosa l-cosa tan67.35° = —
15 siny+ cosy cosy—siny _ 135 Trigonometry helps to find the height of
2 siny - i cony =SeCy cosec y h=135 tan 67.35° ~ 324 fi buildings and mountains. Clinometer is
; L The height of the cloud is about 324 ft. | foed 1o ablai the angle of elevation . of
16. (secx—tan x)™ - - p ject.
l+4sinx

17. sin x tan x + cos x = sec x.

L g Yt
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b Example (] ‘
A light house is 300 meter above the sea level. Angles o‘f'dfz-pressmn of two
boats from the top of light house are 3 If;‘gg;g‘\:ﬁgﬁ;:;:ﬁlis:ﬁs
through the foot of the light house, fin e
same side of the light house.

0° and 45° respectively.
d the distance between th

__Solution_ |
Let boats are at point C and D respectively.
Height of light house mAB =300m

Distance between two boats mCD =1
Angles of depression are 7 /EBD=30° and m ZEBC=45°

m £EBD=mZ BDA and mZEBC = m£BCA

But
Therefore ~ mZBDA= 30° gnd m £ BCA=45°
Consider MB_(;_ . a
mAB B E
tand5° = —
mAC
_300m
mAC
, or  mAC=300m @
Now 30° %
Consider AABD o
Y00 B
mAD
d e .-mAD = mAC+ mCD

B mAC + mCD
Putting value of mAC from (i).
1 300
B 300+CD
300+mCD =30043
mCD =300/3 —300

mCD =300 Jg—l]m =219.6m
Hence distance between two boats is 219.6 m.

=

=

o =

+ introduction to trigonometry

v Exercise 7.6

. A building that is 21 metres tall ca :
: sts a shadow 25
long. Find the angle of elevati RIS
degree. # evation of the sun to the nearest
2. A light house is 150 m above th :
) e sea |
depression of a boat from its top is 60°, Fiz;et]l;eﬁ::lqgle -
between the boat and the lighthouse. Sine. r
L

3. Atreeis 50 m high. Find the angle ofelevati
; evat i r
point, on the ground 100 m away from the f;g?oa‘ft;t:emp s 23

4. From the top of hill 240 m high, mea
! s sure of the
depression of the top and bottom of minaret are 30225115568{
respectively. Find the height of minaret.

5. A police helicopter is flyin
. g at 800 feet. A stol i
sighted at an angle of depression of 72°, Find the diz:larfgr l?‘
the stolen car, to the nearest foot, from a point di o
below the helicopter, d o

6. A light house is 300 m ab
‘ ove the sea level. Th
degr:s;s;on of two boats from the top of light houesea:f;zg‘f
a;]s respectively. If the line of Joiniing of the boats
bpe twife It]hnr;;:]gjh tthe tl;oot of light house, find the distance
oats w ite si
S ool en they are on the opposite side of the

7. The angle ofelevatio
: n of the top ofa cliffis 30° i
the cliff, the an gle ofelevation becomes 45°, Fﬁ?&ﬁ%ﬁt&ﬁ?& B e

—

| Angle of
2 lrﬁ“-flev‘“m"

‘Actmty #jh
Find i}

1 i1e error

Zi ia
1a and Rabia are finding the height of the hill.

Zia
55 ji
s
sin 15° = ._J_:_ 580 m

58
580 (sin15°) = x
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a _Review Exercise 7 l 5 2. Convert 45°35'30"” into decimal f,
- : : 3. Convert 216.67° into DoM'S” aﬁn:“m'l.
four circles are given. Fill in the correct circle only. 4. Through how many radians does a nllinute of
(1). in45 minutes (i a clock turn through
. in one hour,

1. At the end of each question,
(i). If an object is above the level of observer then the angle formed between the

dobserver's line of sight is called

5. Find coterminal angle of 19
. . 00 =
6. Find trigonometric ratios of =

horizontal line an
O angle of depression O angle of elevation (i). 390°
O obtuse angle O none of the above 7. Prove that (i) —240°
(ii). cot = . : r 1-sin®
= i1 \ a =5 o i
sin0 o 1 C?SG o 'l " * N1+3im0 ecO—tan0 (i 2b0s BsesO-tagBiociDnt
cos0 cos0 sin 0 sin@ JIf sec 0 =2 and 0 does not lie in first quadr. i ;
; remaining trigonometric ratios. eadrant. Find

9. Refer to the diagram shown.
What is the height of the building?

O cos* 0 O cosec’® O sec*
1.6m il’u———g

when 0 lies in 3™ quadrant.

(iii). 1+ tan’ 0=
O sin’0
(" . 1f tan@ =1 then sinB=

1 -1 1 1 :
Q= ol i e L st
2 ) 3 2 10. From a point on |
evel ground 125
the angle of elevation is 57.2°. A;;i:ﬁxj?;n the base of a tower,
tower tollhe nearest foot. ate the height of the

(v). Sin (=350°) lies in

O 2" quadrant O 39 quadrant O 4" quadrant

O 1* quadrant

(11).45°= radian.

T T T .
P 3 @) Fi @) P O 5
(vii) Ifthe measure of the hypotenuse of aright triangle is 5 feetandmZB =58’ whatis The A . .
the measure of the leg adjacent to ZB? i e Amazing nurn 089
O 42402 O 8.0017 O 0.10060 O 2.6496 s ey
(viii). Find the value of tan P to the nearest tenth. 1089+ 1 =108
- 9 1089+9 =
TSE f089:2-2170 1089 -ariz
; ! 10 9.3 =3267 10897 =7623
089 - 4 = 4356 1089 « 6 = 6534

(in). RT is equal to TS. What is ZS?

0 2J6 0 243 O 43 O 22
(x). RT is equal to TS. Whatis ZS? y A uni
. que property am iqi
O 25 O 30° O 45° o ong two digit numbers. -
¥ J 33= 1,089 = 657 - 56° :

Ry T
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An anglc is a union of two rays which have a common point (vertex). One of the ray js
called "initial side' and otherray is called 'terminal side’.

e Sexagesimal system (degrees. minules. seconds) is the system of measurement of ap
angle in which one complete rotation is divided into 360 parts called degrees, written ag
360°. One degree is divided into 60 parts called minutes, written as 60and one minute is
again divided into 60 parts called seconds, writtenas 60", '

© 1n Circular system (radians) unit of measure of angle is radian. One radian is an angle

~  subtended at the centre of a circle an arc whose length is equal to radius of the circle.

aving the same initial and terminal sides and differ by

Coterminal angles are angles h
multiple of 2 radians or 360°. They are also called general angles.
Angles are in standard position if the vertex of an angle lies at the origin, and initial
side lies on positive x-axis.

© Quadrantsare obtained when XY-plane s divided into four equal parts..

e Quadrant angies are 0°,90°, 180°,270,360°.

Q Relationship between radian and degree measure

: ’°=£ﬁ radian = 0.0175 radian and 1 radian = (‘%"] = 57.295 degrees.

Relation between central angle and arc length of a circle: [1=r0

Area of a circular sector, A= %’;9
two or more than two angles with the same initial and terminal sides are called
- coterminal angles.
Q There are six trigonometric ratios: sin 0, cos 0, tan 8, sec 0, cot B, cosec 0.
9 Trigonometric identities are
(@) cos’@+sin’0=1
(b) 1+tan’0=sec’ O
(¢) 1+cot’0@=cosec’®
9 Angle of elevation is the angle between the horizontal line and observer's lin of
- when looking at the top of a wall.

9 Angle of depression is the angle between the horizontal line and observer's lin¢ of sight
when looking at the bottom of a wall.

sight

@ Inany triangle, the sum of the squares on any two sides is eq

eyl _ )
pecifically, in any triangle ABC, if AD is a median, then

* PROJEGTION OF A SIDE
| OFATRIANGLE

- E $ik AR 3
In this unit the students will be able to

Prove the following theorems along with corollari
ariesand apply them to solvea i
ppropriate problems.

@ Inanobtuse-angled triangle, the s i
angle, the square on the side opposite to the obtuse
angleis equal to the
sum

ofthe squares on the sides containin
. ¢ the obtuse : -
by one ofthe sides, and the projection on it of the?)rtl}ﬂ: together with twice the rectangle contained

€ Inany tr_iangle, thc_ squarc on the side opposite to an acute an
on the sides containing that acute angle diminished by
those sides and the projection on it of the other.

gle is equal to the sum of the
1 squares
twice the rectangle contained by ope of

ual to twice the square on half the third

side together with twice th : s b
Theoran), ¢ the square on the median which bisects the third side (Apollonius'

In geometry, Apollonius's theorem is a theorem relating the
length of a median of a triangle - to the lengths of its side. It
states that "the sum of the squares of any two sides of an

triangle equals twice the square on half the third sichey

together with twice the
. B e
i quare on the median bisecting the

|4B[" + |ACT =2 (4DJ + |BDf)

::]:; ;l :;\:«:‘:;‘al case of Stewart's theorem. For an isosceles
iy ; thIAB| =|AC], the median 4D is perpendicular to
s ADBeorem r.cduccs to the Pythagorean Theorem for
o (or triangle AD.C}. From the fact that the
i equi\;a]cm: parallelogram bisect each other, the theorem
s .0 the parallelogram law.

1corem is named after Apollonius of Perga.




Unit 8 Projection of a side of a triangle

J

In an obtuse-angled triangle, the square on the side
opposite to the obtuse angle is equal to the sum of the
squares on the sides containing the obtuse angle
together with twice the rectangle contained by one of

thesides, and the projection on it of the other.
| Given

In AABC, £Cis the obtuse angle. Let m:B—CT_= a, mAC =b and mAB =c. AD is the
perpendicular from A to BC (produced) so that CD is the projection of AC on BC. Let

mazp and mAD =h.
“Toprove |
(Jn".*ﬁ)2 = (mﬁf + (::#175;)2 +2(mBC)-(mCD)

or ¢’ =a’+b*+2ap

B

= ; ; ¥ D ’

Fig. 1

Unit 8 Projection of a side of a triangle 2 - e

Statements Reasons
le AADB _— =
In anght angled triangle A LR

(maB) =(mBD) +(m4D)’
or (mﬁ)2 =(m%+mﬁ]2 +[m:-{:D_]2
or [mﬁ)2 =(m%]2 +(m?5}2
2
+2(m BC)-(m CD )+(m 4D ) — (i)
_| Again in the right angled triangle AAD(;‘
(mAC) =(mCD)’ +(m4D)
o (mAC) —(mCD) =(mAD) ~— i)
so that (i) becomes ;
(m4B) =(mBC) +(mCD)

Pyihagoras theorem
mBD = mBC +mCD

(x+y)2 =x"+y' +2xy

Pythagoras theorem.
Equal can be subtracted

from the equal without

changing the value.

*| Putting the value of
(mAD)" from (ii) in ()-

_nm“" "%""""";-1”“‘—‘

[? SAEE

+2 (mEE)(mE) +(m?iE)’ —(m_(f)2 Commutative property
=4 = = £ addits
(m4B) =(mBC) +(mAC) gumtfg::.m e
PEE — == S . The difference in two
+2 (m BC )(m cD )+ (m CD ) —(m CD ) equal numbers is zero.
(m4B) =(mBC) +(mAC) +2(mwBC)(m D)

F=at+b*+2ap

g ;nr"f‘] = b

In a AABC with obtuse angle at C., If BD is %

perpendicular on’ AC produced and m BC=m AC
then prove that '

(AB)=2 (AC) (AD)
or

¢’=2(b) (b +p)

Given

A A4BC having on obmse angle mZACB,
mBC =mAC and BDis perpendlcular on AC produced.
To prove
(mAB)’ =2(mAC) (mAD)
or

c*=2b (b +p)
Proof

Statement Reasons
(mAB)= (mBCy+ (mAC)+2(mAC) (mCD) By Theorem 8.1
= (MAC)* (mAC)*2(mAC) (mCD)
=2(mAC)%+ 2(mAC) (CD)
=2(mAC) (mAC + mCD)
=2(mAC)'(mAD)
(MAB)= 2(mAC) (mAD) or - - ' .
> =2b (b +p)

Point C is inbetween AD




I L1

mg,,,_

ite to an acute an_gle is equal to the sum of
o diminished twice the rectangle COntaine

e other.

the si 0s
on the side OPP
" s 5 _the Sc?ontaining that acute a?lg;
de:nd the projection 0% ito

dby

oneofthose sides,

(b)
Given :
The given triangle is either acute as in figure (a) or
m£Cis acute. AD is the perpendicular from A to CB
so that CD is the projection of €4 r'ma. Let us denote m
mCD=p, the projection and mAD=h.
To prove

(mﬁ)z =(mF5)2 +(mﬁ)2 —Z(mTBE)-(m_CE)

Cl
he M8
or obtuse as in figure (b)- I:s b gmﬂb
(produced if necessary T+
So=u, m""é's p,m

or ¢ =a+b'-2ap

Unit 8 Projection of a side of a triangle

Proof

"y
1

Statements

Reasons

AADB is a right-triangle

(mﬁ)2 =(mBD)’ +(m4D)
Also mBD +mCD = mBC ........
(m4B) =(mBC-mcD)’

——e |
+(mAD) —_ (§))]
Again mBD +mBC =mCD
~(m4B) =(mCD-mBC)’

+(m25)2 —  (ID

But the R.H.S of (i) and (ii) are the same so we
can select any one of the above equations.
Thus from (i), we have

\ (mﬁ]2 = (m?f']z?k (ma)z

~2(mBC)-(m €D)+(m AD)"
(m;g)_’_ =(mBC) +(mCD) +(mAD)
-2(»1?&)-(:}15)-——) (1

Bllt(nuf?.‘ﬁ)2 +(m_E)= E (m_zif')z —(1V)
-(m 4B) =(mBC) +(m AC)

-2(m BC)-(mCD)

2

> ADLBC (produced where
necessary)
Pythagoras theorem

Segment addition postulate (fig. a)
“*mBD = mBC — mCD

Segment addition postulate (fig. b)
Since mBD = mCD- mBC
~*(mBC-mCD) =(mCD-mBC)

Commutative property of addition of
real numbers.

By Pythagoras theorem.

Using IV in ITI.

37037037037 x 9 =
13717421 x 9 = 123456789

333333333333




TR - 5 = L '“'luugle
s+ Exercise8.1 =
M
— el —120°. The projection of BC on 73
1. In AABC, m AB = 6cm, m BC =10cm, m£B =120 € proj C on 7 is

Find mAC. o) , g T
2 f:;sc 4B =3cm, m BC =5cm, m AC =Tem. Find the projection of BCon

3.In AABC, a=1,b=11, ¢ =8. Calculate the projection of AC on AB.

4. In a parallelogram ABCD, m AB = 4cm,
angles of the parallelogram are obtuse.

L Mheoremn 8@@
(Apollonius Theorem)

: idesi 1to twice the square on halfth
triangle, the sum of the squares on any two sidesisequaltot the sq halfthe
Iﬂl:;ﬂyside tgggether with twice the square on the median which bisects the third side

(Apollonius' theorem)

m AC =7cm, m E = 5cm. Find which of e

A . A

Fig. (a) Fig. (b)
Given

In the AABC, AE is the median drawn from the vertex A to BC.

To prove

(mAB) +(mAC) =2(mEB) +2(mEA)
Construction '

From A, draw
"AD 1 BC (produced if necessary)

-mw EOR SALE

. Unit 8 Projection of a side d_f a triangle

Proof

+(mBD) +(mDC)
But m BD =m BE +m ED
So that the last result becomes
—2 i — 7
m(4B) +(mAC) = Z(mAD)
+(mBE + .=*1mE_z'l))2 + (mm}z —(3)
Since mDC =mEC —mED
and  mDC =mED-mEC
A Wl A ——
(mDC) = (mEC—mED)z
= (mED - mﬁ)z —4)
S0 any one of these values can be put in place of
——\2
(mDC)" and thus (3) becomes

(m4B)" + (wAC) =2(maD)
+ (mBE +mED)’ +(mEC-mED)
ot (md4B)" + (m4C) =2(mAD)
+(mBE)" + (mED)’ +2(mBE)(mED)
+(m-55)2 + (msz_}I))2 ~2(mE-C)- (mED)
or (m4B)' +(mACY = 2(mADY
+nED) +(mED)’ +(mBE) +(mEC)

t
. Sta cmf“ - ' B
ISmce_iAfD ariAfDC ate. rlzght triangles, Construction
- (m4B) =(m D) +(m BD) —(1) Pythagoras theorem
(m AC f af mE)z +(mDC )’ — ) Pythagoras theorem
Therefore, (mAB) +(m4C) = 2(m D)’ Adding (1) and (2)

- Segments addition postulate

From construction in figure (a)
From construction in figure (b)

From algebra (a—b)’ =(b-a)’

Using (4) in (3)

~ from algebra
(a+b)’ =a*+b*+2ab and

(la—b]l2 =al2+bz —2ab

Using commutative property
of addition for real numbers.




¢ el

1 S — —_—
; +2(mBE)-(mED)- 2(mEC)- (mED) T
R —_—1 —\2 'mBE-__-mEC aST-
or (nre.’aLB)2 +(mAC) = Z(mAD) i Fi 2
S LI | ‘
+2(mED)’ +(mBE)" +(mBE)
: +2 (mﬁ’)- (mflj) -2 (mE’E)- (mED) |
—2 -
or OuB) +rA0) =2 DY +nED | | TX7ETO veeg
+2(mBE) —(5)
R e AADE is a right-triangle,.
But (m4D) +(mED) =(mAE) —(6) oD S
. AC AE) BE) T P
+(mAB)’ +(mAC) =2(m4E) +2(mBE) »*mEB = mBE and .
it —2 =
| or(mﬁ)2 + (mR')2 = 2(er£€!’3‘)2 +2(mEA)_ mAE =mEA

unit e rrojection of g side of oty
ﬂngle

v Exercise 8.2

——— T

1. Using Apollonius theorem find the length of the me_dians of a triangle having sides 10
cm, 12 em and 16 cm respectively.

2. InA4BC, D is the mid-point of BC. Find the length of the median if mAB =4m£
mBC=5cm and mAC =6cm.

3. AA4BC is given with mBC = 4cm ,mAC =12cm and m£C =120°.
Find mEE, -mA—D, mAB and then verify Apollonius theorem.

B 4cm c.2

s — s —_— EE:W'
4. AABC'is a right triangle with m£B = 90° and BD L AC . If mAB = 6cm and 71

find mAD and mCD. Verify your answer with Pythagorean theorem.

[a*+ b?< ¢® obutsetriangle
= ¢? righttriangle
> ¢? acutetriangle

Where c is the largest side

How to prove a, b, ¢ form

an acute, right or obtuse
triangle?

Unit 8 Projection of a side of a triéngle

Review Exercise 8 |

1. At the end of each question, four circles

1 are given. Fill in the correct circle only.
(1). Phythagoras was a /an '

mathematician,
O Indian O  Greek O Pakistani O Chinese
{i1). Apollonius was born in____
O Perga O Istanbul O Islamabad O Kabul
{iti). Apollonius is the name of a ; 3
O City O Town O Country O Mathematician

2.Find the projection of the side of measure 10 units upon the side of measure 17 units
inatriangle whose sides respectively have measures 10,17and 21 units.

3. AABC is a right -triangle with m£ 4= 90°

ing| - From the vertex 4 perpendicular 4D is
drawnon BC.If mAB=5cm, mAC =8

cm . Find mEE, mAD and mBD .

4. In the above question , BE isa median. Find mBE using
Pythagoras theorem

2. Apollonius theorem
5. Find h, x and y in the figure.

@ Amedian of a triangle is a se
opposite side,

& Inan obtuse-angled triangle, the square on the side opposite to the obtuse agg]e ig equal
to the sum ofthe squares on the sides containing the obtuse angle together with twice the
rectangle contained by one of the sides, and the projection on it of the other.

@ Inany triangle, the square on the side opposite to an acute angle is equa! to the sum of the
Squares on the sides containing that acute angle diminished by twice the rectangle
contained by one of those sides and the projection on it of the other. :

¥ Inany triangle, the sum of the squares on any two sides is equal to twice the square on
half the third side together with twice the square on the median which bisects the third

side (Apollonius' Theorem).

gment from one vertex of the triangle to the midpoint of the
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To prove the following theorems along with corollaries and apply them to solve ApPropriate

problems.

@ Oneand only one circle can pass through three non- collinear points.

@ A straight line, drawn from the centre of a circle to bisect a chord
(which is not a diameter) is perpendicular to the chorq. )

® Perpendicular from the centre ofacircleona chord bisects it.

@ Iftwo chords of a circle are congruent then they will be equidistant

from the centre. -
® Two chords of a circle which are equidistant from the centre are

congruent.

Why it’s important < ,_.}

One of the most useful applications of the circles is the wheel. From ancient times until today,
the wheel has made an enormous contribution to progress in travel, transportation, industry,
and other elements of civilization.

A circle is the set of all points in a plane that are equidistant from a given point in the plane
known as the center of the circle. A radius (plural, radii) is a line segment from the centré of
the circle to a point on the circl

T rEi~ :
s g * (S

A chord is a line segment whose endpoints lie on the
circumference of a circle. It divides a circle into two
segments. The larger part is called major segment and the
smaller part, the minor segment. If the chord happens to
be a diameter, each segment is a semicircle, A diameter
is a chord that contains the centre of a circle. A circle can
b_e named by using the symbol ® and the center of the
circle. The circle in the illustration is ® P, or circle P.

Unit @ Chords of a circle

One and only ane circle ¢

Al pass through three non-coll: i
-collinear
s | points.
A, B and C are three non-collinear points.
To prove

One and only one circle can pass thfough the points A, Band C
Construction
Join B to A and C. Draw perpendicular bisectors E and

— . — —_
YE of AB and BC respectively, which intersect at O, Join
OtoA,BandC.

Proof
Statements Reasons
In AOAD +——AOBD }

ZODA= /ODB Both are right angles.

AD=BD y D is the mid-point of 4B.

— Common.

OD=0D S.A.S postulate.
. AOAD = AOBD C_orresponding sides of congruent
% 52 . O"'--B . maﬂglES.

—() Both are right angles.

Again in AOBE «—3 AOCE E is the midpoint of BC

£LOEB= LOEC
== Common.
SESEC S.A.S postulate.
OE=OE Corresponding sides of congruent

~OB=0C —s(ii)
From (i) and (i), 04 = 0p=0C
. = mOA =mOB = mOC
ﬁt.omeans that the point O is equidistant
om the three points A, B, C. Therefore a circle
With centre O and radius mO4 or mOB or mOC
Wwill pass Lhrou_gh the points A, B and C. Since O
15 the only point which is equidistant from the

pomts A,B and C. Therefore one and only one

C:)TF]:: Can pass through these three non-collinear
ints.

Transitive property of congruence.




! | . S g i s g‘y N Unit 9 Chords of a circle . : *I
| 4 2 _;‘-._F—-ﬂ*'“—-_l' to biscct a chor K . -
}i < A straight ling, drawn from the (‘lll{;c of a circie to bisec chord (w |l§6h is % 2
i " diameter)is perpendicular to the chord. Oy : *——-—-——-_._9)@
Given . fad i i‘,-_-:'I;::mlja-::l;.-.- fromthe N.u!”, of 4 cirele o chiobisssici
A circle with centre at O, AB isa cfhf)rd of ﬂz)e circle. Given "3 : s
N is the mid point of 4B which is joined to O. Acircle with centre at O, 4B is a chord. ON L ZE ]
. “To prove kg |
L B . AN = BN
EoaTutton B Construction
| Join O to A and B. Join O to A and B.
i Proof Proof
! Statements Reasons
! AN «— AOBN Statements T
I In AO. S ieos In AMON «—>ABON i
_ll __= gl ‘ . - LONA = ZONB R_lgh[ ang]es
| AN =BN Radii of a given circle ON = ON Son
.: o TN Given 5 | — Radii of the same circle
' . AOAN = AOBN Contmon .
& s SSS=SSS . _.‘F._AACZIiEABON HS =zHS
. L= /2 Corresponding angles of the congruent Hence AN =BN %(;I‘I;‘;]sgsonding sides of congruent
triangles - = i
But mZl+m/2=180° —— (i), | Supplementary angles postulate ! Example 54
smll=mL2=90° y OP has a radi
SamLl=n : J wr radius of 5 cm. and PX is 3 cm
Hence ON_ .J_AB iy msl=ms2 A W ST PR is perpendicular to AB at point X. Find AB.
I Example W In OP, if PM L AT, PT = 10, and PM = 8, find MT. Solution
£ . A :
(-Solution  /PMT is a right angle. Def. of perpostlic:nf b B the Pythagorean theorem: :
APMTisa right triangle. Df. af ¥ighit frimngie ‘.‘ (AX)’ + 32 =52
(MT) + (PM)? = (PT)? Pythaggrenip Tlcorein 7 (AXy*=5%-3? )
(MT}Z +82= 102 & R’-’PI(F:";‘ PM iith 8 ond PT with 10, (AX)Z =16 ’ .
(MT)? + 64 = 100 8 = 64; 10° = 100 By th it
i 2 s A
(MT)* + 64 - 64 = 100 — 64 Sublract 64 froim each side. Bx-_e radius and chord theorem, PR bisects AB, so
MT)?2 =36 Simplify. o

ViMT? = V36

Toke the sputare root of eacli sk

Simplify.

'
i

Tllerefore, AB = AX + BX = 4+4=8cm.
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RX =17,and RZ 1 XY.

R, XY= 30, 4 %‘ :
i! E“mple a Find the distance fromR to XY.
‘-'_"'"“- i x
LM@L fromR to XY
f the di distance
= Th;;l 65?1511:;;02 XY,RZ bisects XY, by
15Theorern 9.3.Thus, XZ =75 1(30) or 15.
For right triangle RZX, the following equation y
0
can be written. ' 4
(RZ)Z + (XZ)Z = (,'RX}2 ) ’_ar!,’m};-.u":f:-? _rJ [ ..f.r:‘.-:.-:_‘;,
(RZ)* + 152 = 17 R::,!\’-’ﬁ i‘t‘l AL _ 15 aind RX i, B
(RZ)2 + 225 289 - = 7890 |
(RZ)? + 225 — 225 = 289 — 225 ot each side,
(RZ)? = 64 ,
V(RZ)* = \/—_ jare root of each side.
RZ=8

The distance from R to ﬁ, or RZ, is 8 units.

y Exercise 9.1
E—

o et

i il
1. Ifthe radius of acircleis 30 cm, find the length of a chord whichis 10 cm fromthee

i  Findt
3. If a chord of a circle is 48 cm long and its d1stance from the centre is 18.cm
diameter of the circle. _ hichishe!
3. The diameter of a circle is 5 units long. How far from the centre1s a chordw
inlength,

ghol®
* 4. A chord of a circle is 8 cm in length is drawn 5 cm ft
radius. ; circle“’ithﬂdww
5. Find the length of a chord that is ata distance of 5em from the centre 012

_ 6. Incircle Q, QW L XY, QT_LYZ QW QTr=5
and YT = 12. Find XY.

om the centre. Find the 8

Unit 9 Chords of a circle E B .

Fheoiemiy. 4

A circle with centre O, 4B and CD are two
chords of the circle,

To prove

congruent

"AB and CD are equidistant from the centre 0.
Construction
Join O to A and C. Also draw perpendiculars OF and OF
on the given chords 4B and CD respect:ve[y
Proof

___ StatemegfS &\ Reasons ;
Since OFE.L AB and OF L CD . Construction
__.';-Esﬁ and CF = DF Bytheuseofﬁeoan.B.
Or m AE =m EB and m CF =m DF
But  mAB = mCD Given
or m AE +mEB =m CF + mDF Segment addition postulate
m AE +m AE =m CF +mCF | *mEB = mAE aod mDF =mCF
2m AE =2m CF Adding equal quantities
e — Dividing both sides by 2.
or AE = CF — ()
Now in AAOE «—— ACOF
' 04=0C Radii of the same circle
From (i) proved above
AE = CF — (ii) Right angles
ZAEO = /CFO HS sHS" .
- .'._éA;OE i @F nciirsgndmg sides of the congruent
OE = OF or mOE =mOF
*. 4B and CD are equidistant from the
centre of the circle .

Cﬂrollary
In congruent circles, congruent chords are equidistant from the centres.




tchords ofaci
ven
rcle with centre at O, 4B and CD are two chords of the

€. OE | AB, OF LCD and OF = OF
prove

AB =
mstruction
O with A and C.
oof

CD

rele which are equidistant irom the cenire ure

Rl LT

Statements

Reasons

—

OFE 1 AB and OF 1 CD Given
.mAE =m EB and
mCF = mﬁ—)(z)

Now in AdEQ «——ACFO

Theorem 9.3

ZAEO = LCFO 1 Both are right angles
0OA=0C Radii of the same circle
OE = OF Given -
= ACFO H.S = H.S
E{O'_ Corresponding sides of congruent
AB=CE triangles 3 &
Double of equal lengths

or mA—E ='mE}_"'__ y

i 2mAE =2m CF~—>(1;)

Also mAB = mAE + mEL
m AB =m AE + m AE =2m AE ——> (iii)

o mﬁ == mﬁ-

Similaﬂy m-EB =2m EF .———)(w) From (ll)
e 2mﬁ;_= :2 % From (iii) and (iv)
Therefore m.ﬂi_j m
7175‘_ =z CD
;,Irence the two chords areé congruent.
i : ntre are also €
e chords equidistant from the cé e

Segment addition postulate

Unit 9 Chords of a circle g .

| Example 7 Circle O has 4 radius of 5 ceny .
3 centimeters from 0. Compare the lengths of STang %ﬂers. Chords ST and RP are each

| Solution P 1
me OTand OP il ;g-u‘{;p,u‘]_ . =
i it o T e adii of circle 0
OT=0P=5 dit el the same cirele have t‘h:.'

(OW)’ + (WP)' = (OPy’ (00 +(QTy = (01
R

3+ (WPy =5’ 3¥+0Ty=5 x
(WP)'=25-9 (OT)Y=25-9
(WP)' =16 (0Ty=16
WpP=4 QT=4
PR =2(WP) = B « Theorem 93— ST = 2(QT) =38
Chord ST and RP are congruent,
* [ Example [ Thelength of two parallel chords ofa

; circle of radi ;
8cmrespectively. Calculate the distance between radius 12cm are 14cm and

the chords.
| _Solution )
InAAON, (ON)? = 122 42
=144-16
ON =./128
ON =11.31cm
In AYOM, (OM)? = 122 - 72
=144 - 49
OM = \/95
OM = 9.747
In first case NM = ON + OM
=11.31 +9.747
=21.1¢cm
‘In second case, NM = ON — OM
=11.31-9.747

= 1.56cm

; K
hell;efﬂre the distance between the chords can either
about 21.1cm or 1.56 cm.




: STy "ords ‘
“lﬂ\,ircle ofradi . ujuﬂ;d L
aley “1Us Scm, there !
Iy late the distance betweenzltl;ct;lo D;I‘afle! Wiptis Oflength g
WO Paralle — S Ords Cmang ¢
and MN = It‘:chords PQand MN are 3cmapg I
Ci ¢m. Calculate the radius of hp rton the same g;
ircle C has 4 thecircle,

radius of 10, : :
€ and chord PR i § iy frgl?loéd s S unitsfom

4. Compare the lengths of PR 4q QT.

b. ¢ i PR
Compare the distances of pR and QT from C

At the end of each question, four circles are given. Fill in the correct circle only,
(1). Inacircle, two chords are equally distant from the centre of the circle. The chordsare
O congruent O not congruent O parallel O non parallel
(i) AB and CD are two chords of the same circle ® and 4B < CD. Tlﬂ
QO ABis closerto O O 4B must be parallel to CD

O CDisclosertoO QO Can’t decide

i i Th
i i tre of a circle of radius 13cm.
(i11). Achordis5cm from the cen el
O 6 centimeters o ilcaen A,
i fthe cho
O 24 centimeters radius 25. The distanceo
’ its long 18
P chord 40 units SO0
% g‘om the centre of the c1rcllc zlsunits
O 15 units £ 31

p the ce
. is 4 units from
3 units long 18
A chord 8\[_-

radius of the o isO 8 units
o' 14.4 units

e length of the chordis

containedina circle of

o 471 units
ntre Of

O 50.1 units
a circle. The length of the

: 24/8 units
o Sﬁ units O B

e O ad
pted at A

(V).

ith centr
re with €
j ircular figu s
E S lcenglh of the chordllr;s.
i circle1s:
o entre of this cir¢
mthec gt

Unit 9 Chords of a circle

(vii). In the diagram, circle O h

Ircle as a radius of 5,
CE =2. Diameter AC is o

CE perpendicular to ¢h
BDatE. What s the length of BD? .
O 12 O 3

O 10 O 4

2. Incircle O, ABis a chord, O4is a radius andZEJ.(TC_ :
(Leave radicals in your answers in simplest form), :
(1). If40=13m and OC = 5, fing ACand 4B,

- (ii). IfAB is 16 cm long and is 6 cm from O, Fing the radius
and diameter of the circle,

(iii). If the diameter of circle O is
centreisachord 30 cm long?

(iv). The radius of circle O is 25 units

34 cm, how far from the

A
KA
I long. How long is 4B if it is 7 units from point
(V). Chord 4B is 10 m long and is 5 m from O, Find 04.

3. The perpendicular bisector of a chord XY
and NP =2cm, calculate the radius of'the circle,

cuts XY at N and the circle at P IfXY=16cm

®© Acircle is the set of all points in a plane that are e
- Plane known as the center ofthe circle,

® A ralldius (plural, radii) is a line segment from the centre of the circle to a point on the
circle, :

@ Achordisaline se
acircle into two sC
the minor se gment,
Adiameter is a cho
Onean '
&) A straj

quidistant from a given point in the

gment whose endpoints lie on the circumference of acircle. It divides
gments. The larger part is called major segment and the smaller part,
Ifthe chord happens to be a diameter, cach segment is asemicircle, -

rd that contains the centre of a circle.
donly one circle can pass through three non-collinear points,

ght line, drawn from the centre of a circle to bisect a chord (which is not a
1ameter) is perpendicular to the chord.

erpendicular from the centre of a circle on a chord bisects it. '
Iftwo chords ofa circle are congruent then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.

IO

d
P

©
©
®




To prove the following theorems along W

problems.

@ Ifaline s drawn perpendiculartoa radial segment of a circle
the circle atthat point.

@ The tangentto a circle and the radial
perpendicularto eachother.

@ Thetwotangentsdrawnto acircle from apoint outside it, are equalinlength.

@ If two circles touch externally or internally, the distance between their centres is respectively

equal to the sumor difference of theirradii.

The moment of an object revolving around Earth in a
circular orbit is in the direction of a line tangent to the
orbit of the object. You will encounter such lines

frequently.

at its outer end point, it is tangent to

segment joining the point of contact and the centre are

Moon’s orbit

. Earth | & ) o 'H?Moﬁn
1

or may not intersect the circle. There are three possibilities.

‘m\\‘b \

an
line

Aline in the plane of acircle may

/ |
2

1 point of intersection

sints of intersection

distinct points. Ifa straight lin®
{led a tangent and the point 0

i) po

2 points of intersection

Asecant to acircle is the line that intersects the circle at two
and a circle have only on¢ point of contact then that line is ca
intersection is knownas pointof tangency/contact.

e s,

1
\
|
|

— e

i to a radial segme

ntol aeie i
sl acircle at its outerend point, it is

Given

A circle having cent i
. re O with a lin ich i
perpendicular to the radial segment OC a:= itﬁiu:vhlc'hd o
[ er en

ie. 4B LOC.
Toprove 5 .
AB is a tangent to the circle,
Construction
Take any point D on 4B other than C. Join O to D

Proof

Statements
Reasons

OC | 1B Given
So the AOCD is a right triangle
~Z1 and £2 are acute

Thus mL0OCD >ms2

“* m£OCD =90°
ie. Zl+£2=90°
"+ ZOCD is aright angle and /2 s an

e . acute angle.
£y (i) I{z a triangle, greater angle has greater
i side opposite to it.
radial segment with C as its | Given

outer end, ]

-~ D lies i i
lies in the exterior of the circle.

Hence 4B m i
eets the circle at one and only

one ]:l()illt “l'llich iS C.

. AB

iy 15 tﬂngcnt to i |
thc cll‘clc. : =

Definition of tangent to a circle.

P




The tangent toacircle

FURS——

Unit 10 Tangent to circle

aiui the radial scgmcnljoining the p'n'mt of contact and the centre

are perpendicular to each other.

| Given b

Adi i i { to the circle at

Acircle with centré 0. AB is tangen 0 .

0C isthe cadial segment which i obtained
C of the tangent

point C.
ith the point of contact

by joining ow
—r
AB .
To prove
P ."-_._'
oC L AB
Construction
Take any point D on

C.Join O and D.

Reasons

Given
Definition of tan

—
AB except

! proof

Statements

— " :
.- AB is tangent to the circle

at the point C-
S0 C is the only point common to the
—

circle and the line AB .
—r

Disapoint on “B other than C

gent 0 2 circle.

Construction

Except C every point
the circle.

— .
of AB 18 outside.

- D is an exterior point of the circle.

It means, mb_ﬁ > m_OTJ

Hence mOC is-the shortest distance
—

between the point 0O and the line 4B .

OC 1 AB By definition of shortest di

Corollaries 166 a0t
. g jrele

1. Atanypointonthe circumference of acircle one and only one tangent 10 the cir®

drawn. ihe circler

5. Perpendiculartod tangent at the point of contact passes through the centre©

IR | E
{ Y 3 — L~ &

[ Example [E8 C5 . ‘
: I&ﬁ CBis 1
tangem H i ‘
| Solution. | Since CB i in the figure to the circle, Fi .
This means that I-S tangent to the circle, th e ind the length of segment CD
ihel . AABCisaright trian :le, then 4B 1 CB. A
e length of line scgment AC gleand we can
AC* = 4B + BC?
ACt = 25+ 64=89
AC=E5
CD=AC—AD = =943 em.
C-AD =943 cm-5cm=4.43
43 cm.

* Unit 10 Tangent to circle

appl :
ply the Pythagorean theorem to find

The two fanger
3 fangents draw i
s drawn toacirele from a poi
o pointoutsideit, are
l . .arcequalinle
Acnfcle with centre O, A is any poi o
3:;51de the circle. AB and AC i
are
wn two tangents from point A
Toprove mAB = mAC ‘
Construction -
JoinOto A, Band C

Proof

]
Statements
Reasons

In AAOB <> AAOC
1_46;}_0
OB =0C
ZABO = £4CO = 90°

Common
Radial segments.

I{]ght a!‘lgles bccatlse lﬂ.ﬂgent toa cuc]e 18
perpendlcu[ar to '.he Iadla-l Seg]nent at ‘.he

AAOB = AMOC point of contact.
i H.S =HS
5 ; = AC Corresponding sides of two
MARB =mAC _— congruent
Corollary s I

The ty,
Otangent
sdrawntoaci
circle from an external poi
3 point subtend equal an
gles at the centre




b Examp_‘f,_@
are used in

&t;bgi?msitioning satellites
navigation. 1f the range of the satellite. AX is
16,000 miles. Whatis the range of BX?

. Solution
7AX and BX and are tangents to 2 circle from
the same external point, SO they are equal.

AX=BX= 16,000 miles

-l E_xamt:‘le Bl orand O are tangent segments to Ci
Find QTand OS.
Solution
Since ORT is a right triangle.
- (QRY = (1) + (TR
Q3=+ ¥
169 = (QT) + 23
(QTY =169 —25=144
QT =12
QT =05 =12 s
b l_E_}ngple__@ Inthe figure ABisatan
AB=8cm, BC=5cm and OA=xcm, findth

«cle R, TR = 5. And RQ = 13.

iven that

genttothe circle, with centre 0.G

e value of x, and ZAOB.

_Solution
/AOB=90°
OB=(x+ 5)cm
N o G E

2 +10x+25=x +64
10x = 64 —25 '
5cm \

10x =139 '

x=39 N ’
S o

In AAOB, tan 3.9

¥

-
*Unit 10 Tangent to circle

Sﬁlution

. ].n the f0|
meg ﬁgures AB nt rsects C I'Cle d
4 ] € llle 1 - |l] a.

:7:'.-":?_3, In the adj
adjacent figure, AB and BC <

a
re two tangents, Evaluate x

| Example

i

fWe know that tangent segments
rom an external poi
S al point are equal.
X +5=21
X =21-5 '
X =16 )
x=4

v Exercise 10.1

l, I lnd the ]Ellgl]l 01 a tangent dl'awn to acir Cle ilj Tac l[]]s 6 cm ﬁ'om a polnt at a dlsta.ﬂce of

- 10 cm from the centre of the circle

" 2. Find the radius of a circle i
a circle if the length of the tangent drawn is 8
1s 8 cm and distance fro
m the

centre U] the Clrclé‘. to t] 1€ pO mt outsi de ‘he clmle 15 9 cm.

. A Chol'd AC Of i i
3 I‘C]
=

that m2 .PBC=m £ BAP.

;'B"

@
(ii)
{iii)

S- H the radlus oraci W ]HIIII an exter [].8.! polllt E Hlake an altgle Of
f
l'cle 18 8 cm. Taﬂgents d-ra

60°. Find the di
e distance between the centre of the circle and the point P.
intP.

6. Gi\-’en that PA ar I{l PB arcta
L& ngeﬂts to the Cifcle “’ith cen
y tre 0, ﬁ.nd the "ah.les Df
X aﬂd Y i].'l

each of the following figure

R

S —

]
i
E
{
{




Fi . Unit 10 Tangent to circle - - |
|
™ .-

VA and VB are tangenttg P, the radius of

I Inthe figurebelow, 74 870 0 o lowing,
o =6 cm. Findthe o .
Pis3cm,and VA i, BV (W) XV

@). VB (). AP 4
line ¢ is a tangent.

at B.

. E = DE
y owWn Tove +‘ B

8. In circle N. verify that
9. Verify that “AB is tangent t0 C

ed tangent circlcs.
led concentric circles. _
S SRS

es that intersect in one poi_.nt are call
mmon centre are cal

Two circl
Two circles that have a co

Unit 10 Tangent to circle . . - -

If two cireles touch externally, rhé distance p . '

their vadii. . ctween their centres is equal to the sum of

touching each
O4 and O4 are the radig) se g each other ext,
gments
To prove of the circles
- m00'=mOA+onf
Construction

—
pralulw 4 common tangent BC at the point A which
1s the common point of contact of the o}
. e
oy given two

Proof

Statements
- mZ£BAO = 9(°

(i) “ Atangentto a circle is perpendicular
to the radial segment at the point of

contact, ;

** Atangent to a circle js Pperpendicular
to the radial segment at the point of
contact,

CMLBAO Y my B4O" = 90°+90° =180° Adding (i) and (ji).

Similarly
RERD =0

MZBAO and mZBAO' are supplementary | ** Their sum is 180°,
angles with the common vertex A.

F o
40 and 40 are opposite rays. Postulate of supplementary angles.

This makes O, A and O/, the three different Consequence of being 40 and 40"
Collineay points, the opposite rays :
segments addition postulate,

100 < mG s m 77




l - - Unit 10 Tangent to circle

l circles.
/

- | Example E Three circlestouch in pairs externally. Prove hat the perimeter ofa t_l’iangle
Et;;;l;a.ﬁj'_jﬁining centres is equal to the sum of their diameters.
' Given ’ :
Three circleshave centres A, B and C their radii are Ty, T and | '.
T respectiirely. They touch in pairs externally at D, E and ';
So that-AABC is formed by joining the centres of these
4 : /_‘
i To prove ”
'1 Perimeter of AABC= Sum of the diameters of these circles K g |
| 4
it \\ ;
i
I\
' Three circles with centres A, B and C touch in pairs
EandF. K

externally at the points, D,

5 1B .

i\ ‘ . . mAB= mAF + mFB o

.,.. mBC=mBD+ mDC o
(iii)

wd ma =mCE+ mEA
B+ mBC+mCA mAF + ”’megﬁ
+m5-c_,.m€f+mﬂ
=(mA‘F+mE'3)+(mﬁ+’"§D)

+ (mff)"‘ mCE)
d] = 21",
are diameter

Perimeter of AABC= 2r, + 2, + 21y
=d, +d;+ d,
— Sum of diameters of the circles.

s of the circles:

Using only addition, how do you add eight 8's and get the number 10007

Answer:  888+88+8+8+8 = 1000.

d,=25 and = 21,

Unit 10 Tangent to circle

Two circles with centre Oand o

and OA are radial segments of th

To prove
mOO' =mOA4d—-m 04
Construction
D
faw a common tangent ECT at th
e

which is the ¢
two circles.

Proof

therefore  both 04
Perpendicular to BC

mlB_AO =mZLBAO" = 9(0°

ie. OF
04 1 E atA

Jnf)} = ' 04
- moQ0 +m0O'A

om i
mon point of contact of the

Since i
the circles touch each other at A

and 04 are | tot

and !
g O4 L BC atA.
.., e andA l.
g 1 on the same straight Atapointonali
: a line a unique

ese circles,

point A

“* Atangent to a circle s perpendicular
cu

he radius dra
contact, W petee

perpendicular can be drawn on it

Segment addition postulate.
From a law of equation, :




t - - Unit 10 Tangent to circle
- ' ¥ ively. Find the length of their line
.' i adiiof 9 and 4, respective ‘
b ]Examp‘le m Two circles haver rornall (b) ifthe circles aré tangent internally, (c) if
of centres (8) if the circles aré ta_ngent externally, \ e
the circlesare concentric, (d)ifthe circlesared unitsapart. -
R d
: 3 o /
‘ d
@ . () © @
_ Solution. . %
Let R =radius © larger circle, r = radius of smaller circic.
(a) Since R=9 andr=4, %’=l;{+r=99+ 4;:153.
i R=9andr=4,0 ) = R—1=9— 4= ’
((t::)) :?::Z the ci‘rcles have the same centre, their line of centres has Zero length.
(d) Since R=9 andr=+4 andd=35, OO’=R+d+r=9+5 +=18.
i e i
: =S
prr P PRI =
+ [Exercise 10.2 .
) S Al the what
1. Iftwo circles with radii 8 cmand 3 cm respectively touch each other externallys then W
isth di.stancebetweentheir centres? o - o radis o
2 Els“h.eﬁdlist;'a.nt:e between the centres f two circles touching 1qtemguy is 5. cm. T?.l
the bigger circleis 17em. Whatis the radius of the smaller circle? Whatisthe Length o
3. Inacircleal0 cm long chordis atadistance of 12 cm from the centre.
achord ata distance of 5 cm from the centre? \ ' - S e
4. A chord is 18 cm long. The radius of the circle is 15 cm. What 18 ?
midpoint of the <hord from the centreof the circle? . us 100"
- 5. Whatis the length of achord at distance of 6cm from the centre of 2 circle c:; r: e cho dis
" 6. The distance of a chord from the centre of a circle is 3 cm; and the 1eng
5 8 cm. Whatisthe diameter? . i ¢
3 7. The radius of acircle is8 cmand one of the chords is of 12 cm- What is the 5
4 chord from the centre? ) o b o
8. The length of a chord of a circle of radius 7.5 cm is 9 om. What is 1t
centre ofthe circle?

Unit 10 Tangent to circle

——

Revie

W Exercise 10

1. At the en
d of each question, four circ]l-.‘.s
are

(i ACB
| i). In the figure, _ACB is called
O anarc
O achord

given. Fill in the correct circle onj
y.

O asecant
i 8 — o
- - a diam

n a circle with centre O if OT'is the rad

se; i : e

gment and PTQ is the tangent [in s
y : e, then
OT 1 PQ

e O orsPg

O __. - -
Y o \ OT is right bisector of ;5
a circle from a point outside jt
it are of. i
....... in length.

(1ii)

O h
alf O equal O doubl
e

2. I tl -
mm, B
nine (]]a 1sa p{)ml Oftangen(:y I I.ﬂd l.hc Iad“ls I

3. In the figure, BP i
gure. BP is a tangent to the circle with centre
0.

Given that ZAPO = 33°, find ZPBA
- . 33

4. Inthe fi ing thro | | :
gure, O is the
e, centre of the circle passi
pboints A and B. TA is a tangent to the r:ircl:"atAu s /\05
: and T

TQB isastraight line,

Given th
at ZAOT = 64°, Find (i) Z ATB, (ii) ZTAB
A

5. Gi St
C:gen that PA and PB are
Quog‘:_nts to each of the
Ing circles with centre

» find t
ownS.he values of the

—
1

e T



_Activity 3

' Lengths in circles in a coordinate plane

Use the diagram for lengths. -
" Radius of @A
Diameter of @ A
Radius of ®B
Diameter of ® B
Radius of @ C
Diameter of ® C
Radius of ® D
Diameter of @ D

v

[ T - P I~

A secant to a circle is a line that intersects the circle at two distinct points. If a straight
line and a circle have only one point of contact then that line is called a tangent and the

point of intersection is known as point of tangency/contact. i
A line is tangent to a circle if and only if the line is perpendicular to a radius of th
circleatits end point on the circle. :

Ifaline is perpendicular to a radius at its end points the line is a tangent

Tangent segments from a common external poiht are congruent.

The tangents subtend equal angles at the centre. . ,

The line joining the external point to the centre of the circle bisects the angle between
the tangents

Iftwo circles touch externally, the distance between their centres is equal to the sum of
theirradii. -

Q__ If two circles touch internally, the distance between their centres is the difference of
their radii.

© 9000 © ©

Did You Know?

3025 = (30 +25)”
and '

. e b A

Unit 10 Tangent to circle

(7 I this unitthe students will be able to

To prove the following theo i i :
e - i g rems along with corollaries and apply them to solve @pmpﬁale

@ If'two arcs of a circl i
B e (or of congruent circles) are congruent then the corresponding chords are
@ Iftwo chords of a circle (or of congruent circles) are equal ir corresponding arcs (mino:
- . - 2 th i i
major or semi-circular) are congruent. e e . g ( °

@ Equal chords of a circle (or of congruent ci

corresponding centres). SRSy bt wputl sigles atihs it e
@: If the angles subtended by two chords of a circle i

(corresponding centres) are equal, the chords are equal, {o Gougrucat. cincles) bithe Soatre

Sector

Why it’simpo
Anorange may consist of nine wedges, seen
“Lle ;TOSS section here. Thus, an average
One-ﬁ? Would form a central angle of about
s inth of the full circle, or 40°. (When
You look at a typical orange wedge, does it

Amportait A\

Seemto be about 40°7)
| R \ "j'-an ':‘:}. ~

EORSALE B




= . - Unit 11 Chords and arcs : . :

I Unit 11 Chords and arcs .
| .

N
MoﬂandMLﬁarc [ =
semicircles of OP. | | e ﬂ@
| —

| If two ares of a cirele ongruent circles ‘
L == (blue) is a major i chords are equal, (or of congruent circles) are congruent then the correspond
M, arc of OP. ; 3 |
; [Case m&-ﬁﬂc
A semicircle is an arc whose endpoints are endpoints of the diameter of ll:lc oHcle: & Given ;
semicircle is informally called a half-circle. A semicircle is named by its endpoints and i A : o g
) . A circle with centre O AEB and CFD are congruent arcs

123 x9+4=1111
1234 x9 +5=11111
12345 x 9 +6=111111
123456 x 9 +7=1111111
1234567 x 9 +8 = 11111111
12345678 x 9 +9 =111111111
123456789 x 9 +10=1111111111

another point that lies on the arc. e i B eihay g ARG
A minor arc of a circle is an arc that is shorter than a semicircle of that circle ! ie. AEB=CFD. AB and CD are the corresponding chords
Aminorare is named by its endpoints. By . of the given congruent arcs.
Amajorarcofacircle is anarc thatis longer thana semicircle of thatcircle. To prove '
A n-iajor arc is named by its endpoints and another point that lies on the arc. e
. AB= CD.
are use ;:ms nd the S arc of central angle ZRPS. | : 10to A, B, and. D respectively and name the central £1 and £2.
TOTCe I R g Proof -
A central angle of a circle is an angle in the plane of a circle whose vertex is the_ccnlfe pf the Statements Reasons
circle. An arc whose endpoints lie on the sides of the angle and whose other points lie in the : In AOAB <> AOCD .
interior of the angle is the intercepted arc of the central angle. - . — i
g ' O4A=0C Radii of the same circle.
OB=0D Radii of the same circle.
1 x9+2=11 ,_ 218 7 Central angles of two congruent arcs.
- \ ! AOAB = A S.A.S Postulate
12x9+3=111 i il - e iR - St
AB~CD orresponding sides of two congruent
triangles.

. ” ;" y .,
Amkaleﬂﬁgj .. two congruent circles




. = ' 205 Unit 11 Chords and arcs

Given

'fwo congruent circles with centres O and O' respectively. AEB and CFD are two

congruent arcs of these circles where AB and CD are the corresponding chords.
To prove
AB=CD or mAB = mCD

"Construction '
Join O to Aand B and O' to C and D respectively.
Proof -
_ Statements Reasons
In AOAB & AO'CD
04z 0C Radii of two congruent circles.
OB=0D Radii of'two congruent circles.
L1272 Central angles of two congruent arcs
AOAB = AO'CD S.A.S Postulate
AB=CD Corresponding sides of two congruent
triangles '
Or mAB = mCD

The sum of any two odd numbers is even,
the product of any two odd numbers is odd.

;}:

’

F
| - _:, - art
r':’T:_":’{H‘-':-Df P’—‘r{'

Unit 11 Chords and arcs

[Case [€3}] For one circle

. Given

A circle with centre O having two chords 4B and CD

such that 4B = CD.
To prove

AEB = CFD (These are minor arcs of the chords':é_B

and CD respectively).

and AFB = CED (These are major arcs of the chords 4B

and CD respectively).
Construction

- Join O with A, B, C and D respectively.

aruent circles) are e
arcs (minor, major or semi-circular) are congruent

Proof
Statements Reasons
In the AYOB < ACOD
E)f = QE Radii of the same circle.
OB=0D Radii of the same circle,
AB=CD Given
AAOB = ACOD S.8.S=SS.S
Ll=/2 Corresponding angles of two congruent

but £1 and 2 are central angles
AEB = CFD

Thus the corresponding minor arcs of two

€qual chords 4B and CD ofa circle are
congruent,

triangles.

Definition of equal or congruent arcs. -

Mathematice V- -



I : Unit 11 Chords and arcs

-ase m Let's prove the same result for two congruent circles

Two congruent circles with centres O and O" with two chords "AB and CD respectively
which are not the diameters such that mAB = mCD or AB = CD .

To prove .
AEB =CFD (these are minor arcs corresponding to the chords "AB and CD ) and
AGB = CHD (these are the major arcs correspondmg to the chords AB and CD )

Construction
loin O with A and B and O’ with C and D. This gives central angles labeled 1 and 2.

Proof .

T
Statements Reasons

In the AOAB <> AO'CD
Radii of two congruent circles.

OA=0C

I OB = 0D Radii of two congruent circles.

AB=CD Given

AOAB= AO'CD S.8.8 = S.SS

Ll= /2 Corresponding angles of two congruent
' mll=ms2 triangles. :
o {EB =m CFD - Condition of equality of two arcs.
AEB CFD

s the correspondmg minor ar arcs of two
AB and CD of two

al chords
gruent circles are congruent.

Unit 11 Chords and arcs

Prove that mAP = mBp
Given

AB is the chord of a circle with ¢
; e
circumference of the circle is equidlslazt:eﬁ Om ti.imt P on the

radii OA = OB
] so that Hﬁ = mP_S-
To prove : *
mAP = mBP
Construction

Join O with P. write Z1 and £2 as shown in the figure
Proof . .

Statements
, R
In Zrt AOPR and Zrt AOPS easons
' maj =mOP o
Point P is equidistant from radii
ABB : (Given)
=m
Chord AP =Chord BP Central angles of a circle.
Hence mAP = mBp
Arcs corresponding to
circle. ponding to equal chords in a




. F : . ' Unit 11 Chords and arcs

qual angles 2t the eentre (at

Equal chords of a circle (or of congruent circles) subtend ¢

the corresponding centres). )
[T For one circle
Given

A circle with centre O. "AB. and CD are two che chords of of the
circle (whlch are not diameters) such that AB = CD or

mAB = mCD .
Arcs subtend £1 and Z2 at the centre. -
To prove
Lz /2
_ Construction :
We join O to 4B, C and D respectively so that mOA = mOB = mOC = mOD = radii
of a circle.
Proof
Statements Reasons
In the AOAB <> AOCD
OA=z OC Radii of the same circle.
0B=0D Radii of the same circle.
4B=CD Given '
i AOAB = AOCD S.8.8 = 888
Llz/2 Corresponding angles of congruent
triangles.

m(hl For two congruent circles

- - .—_n...nmfim'x

Two congruent circles with centres O and O’ havi
O'h —_—
= aving two equal chords 4B .and CD 1.€

Unit 11 Chords and arcs

Given

To prove
These chords subtend equal angles atthe centreie. Z1= 22,
Construction
Jgin O with A and B, and O’ with C and D.
Proof
Statements Rea
sons
In the AOAB <> AO'CD
%4; =0C Radii of two congruent circles.
E)_B = -0_;;) Radii of two congruent circles.
AB=CD Given
AOAB = AOCD S.8S = SS8S
Ll=/2
Corresponding angles of congruent
triangles.

If the ancles s
. angles subtended by two cl 22
(corvespondis ‘0 ctiords of a circle (or cong :
spondine cent ngruent circles) a
ug centres) are equal in measures, then the chords are Lqualsl}n mt ihe e
asures.

Given :

A Cil'cle With cen — P —
tre
circle and /1= /2 O. AB and CD are two chords of the D

To prove

4B =CD

SN



Unit 11 Chords and ares

* Proof |
Statements __________.Bff‘ﬂ's_
In the AO4B < AOCD . _

OA=z=0C Radii of the same circle.
OB=0D Radii of the same circle.
=22 Given
AAOB = ACOD S.A.S Postulate
AB=CD Corresponding sides of congruent triangles.

[Case m For two congruent circles

. Given
Two congruent circles with centres O and O,
"AB and CD are two chords of these c1rples

such that they subtend equal angles at the centre
ie Zl=L2.

To prove
AB=CD
Proof
r Statements Reasons

Inthe AOAB & AO'CD
O4dz0C Radii of two congruent circles.
OB=0C Radii of two congruent circles.
=22 Given

AOAB = AOCD S.A.S Postulate
AB=CD Corresponding sides of two ~ congruent
triangles.
orollaries

In the same circle equal central angles have equal arcs.
In the same circle equal arcs have equal central angles.

v-.-'-”..-._._._

1 Example ([ ; g
[ Example @ The internal bisector of a central angle in a circle bisects an arc on w
it stands.

Given

Inacircle with centre O. OPis an internal blsector of central
angle AOB.

Toprove  p=~pp

Unit 11 Chords and arcs

Construction
Draw AP and BP, then write £1 and £2 as shown in the figure.
Proof

( Statements Reasons
In AOAP <> AOBP
mOA = mOB. Radii of the same circle.
mz_l = méi Givén@ as an angle bise(;tor of ZAOB
and  mOP =mOP Common
"AOAP = AOBP (S.AS = S.AS)

Hence AP =BP
= AP=BP

Pfreas corresponding to equal chords in a
circle.

hE =0
Example | i1 Tell whether the red arcs are congruent. Explain why or why not.

S G 9

T
3. CD = EF because they are in the same circle and mCD = mEF.

b. RS
s S and TO have the same measure, but are not congruent because they
arcs of circles that are not congruent.

¢ VX=YZ because they are in congruent circles and mVX = mYZ




s Exercise 11

1. Given that O is the centre of each of the following circles,

following cases.
(1it).

Review Exercise 11 |3

1. At the end of each question, four circles are given. Fill in the correct circle only.

(i) OP has a radius of 3 and AB has a measure of 90"

What is the length of AB?
O 3V2 O 3V3
O 6 O9 -

=CD.

(ii) In the accompanying diagram of circles O, AB
Which statement is true?

A

e} A_C'EB-[_) O AABCEZBCD

Unit 11 Chords and arcs

find the value of x and y in the

e s et S i s

o © eePee ©eee

Unit 11 Chords and arcs -3 . : oy

2.Inacircle if any pair of diameters are L cach other then the lines joining its ends i

order, form a square.

3. In a circle with centre O, AOC is diameter. ZAOB = 130", find ZADB, ZBDC and mBC
? A m

{a) ZLA=ZLC e Z1=.2
(¢) A ADE and ACBE are equiangular.

- 8 :

o EIral angle ofa f:n‘cle isanangle whose vertex is the centre of the circle.

= easure of a minor arc is the measure of its central angle .
e measure of the entire circle is 360. -

The measure of majo i ;
it jor arc is the difference between 360 and the measure of the relates

l’he measure of the semi circle is 180°.
Woarcs of the same circle are adjacent if they have a common end points

Them j
e Cieas.;ure ofanarc formefl by two adjacent arcs is the sum of the measure of the two arcs
-y rcles are congruent circles if they have same radius
Woarcs are congruent arcs if they h '
circle or of congruent circles. L i e < s -

n lhe sam i i
I . . - 1

In the same ci :
; ircle, or in congruent circl :
are equidistant from the cemg? es, two chords are congruent if and only if the



In this unit the students wil be able to

To prove the following theorems along with corollaries an

problems.

@ The measure of a central angle of a minor arc of a circle,
the corresponding major arc.

@ Anytwoanglesinthesamese gment of a circle are equal.

@ Theangleinasemi-circleisa rightangle,

@ Theangleinasegment greater than a semi-circle is less than a right angle,

@ Theangleinasegmentless than a semi-circle is greaterthana rightangle.

@ Theoppositeangles of any quadrilateral inscribed ina circle are supplementary.

d apply them to solve appropriate

is double that of the angle subtended by

Aperson's effective field of vision is about 30°. In the diagram of the amphitheater, a person
sitting at point A can see the entire stage. What is the measure of ZB? Can the person sitting at

point B view the entire stage? :
Angles A and B intercept the same arc. By Theorem 2 of this unit, the angles must have the

same measure, somZA =mZB= 30°.
The personsitting at point B can view the entire stage.

Stage

Case lo W}l I 5‘ . -

" Uniit 12 Angle in a segment of a circle

The measure of i central angle of 2 minor arc of g ¢
C

subtended by the correspn;nding major arc. rele, is double that of the angle

ﬁgQ{ }
_ (i
Given fig: (ii)

A circle with centre O, 4B isa mi .
: . A inor arc whose i
P is any point on the major arc /II—)E‘ LA
To prove
mLAOB =2m/APB

ZAPB is the angle subtended by the arc at P,

U

Case 2: When PQ is
an extremjty of th fak faint ;
Construction e o g the minor arc Eﬁgﬂm (ii)

DIaW PO tO IHCEt lhB CII. cum o

s T

Statements
Case (i)
Inthe AOAP ' o

Radii of the same circle.

! AOAP is an isosceles triangle
- mLOAP.=m 0P

Definition of an isosceles triangle. -
»+ Iftwo sides of a triangle are equal,
the angles which are opposite to them

are also equal. £




Also  mZAOQ =mLOAP +mZOPA

m/AOQ =2mZOPA 1))
Similarly mZBOQ =2mZOPB ()

"2 AOQ +mLBOQ =2mZ
or mZAOB =2[mZOPA+ mZOPB]

or m/AOB =2m£LAPB

Case ()
All the statements and reasons are

same up to obtaining
Subtracting I from II we get

mZAOB =2m/ZAPB

Corolldry
The angle which an arc of a circle subtends at

OPA+2m/OFB

the equations I and IL

m£BOQ—-mZA0Q= 2m/OPB—2mZOPA
m/BOQ—-mZAOQ =2[mZOPB— mZOPA]

Unit 12 Angle in a segment of a circle

.+ The measure of exterior angle of a

triangle is equal to the sum of the
measures of opposite interior angles.
. msOAP=mZOPA (Proved above)

Adding I and L

Postulate of addition of angles.

Postulate of subtraction of angles.

the centre is twice that which it subtends at any

point on the remaining part of the circumference.

& Example [}

The radius of a circle is 2 ¢cm. A chord 2cm in len,

Prove that the angle of larger segment is 45°

So!uﬁﬁ,_ﬁ:f
viven
1 circle with centre O
: length of chord AB =
er one.
N

and radius mOA =

mOB =V2 cm,
2 com divides the circle into two segments with ACB as

gth divides the circle into two segments.

e

e T

Unit 12 Angle in a segment of a circle

To prove s
mZ ACB= 45° 0 L
Construction ch
join O with A and B. | é
Proof : "
M .';' -
: Statements
In AOAB
(OA) +(OB)' = (\2)" + (\2)’ mO4 = mOB =2 cm
=2+2
=4=(2)'=(ABy - mAB=2cm
.. AOAB is right angled triangle.
With m ZAOB = 90°
mZAOB =90 gﬁ;& being a central angle
v ). =lm4AOB 5 g on an arc AB.
y Theorem 12.1

2
=100 =45°
2

Circum-angle is half
Casieat anﬁe. of the

e

An Y i\\'(} anvig | £ 5 1 Spo i ac are egual
l..l{.'s' in th : ] &
- £ same Stx ment ()f a LerlL‘ are equa



At U
mven nit 12 Angle in o
A circle with ¢ T fagy
: entre O. £4CB and e o
(Shade d) of the Gl £ADB are any two angles in the s 2 Unit 12 Anglein a segment_uf a circle
To prove S¢8meny s (%W Find the value of each of the variables in the following circle centred at O.
. ; Alpy | Example [E] F -
ms = e z
- 1-4(3'8 mZ ADB Solution .
: onstrucn.on 2a=104 (Angle at centre theorem)
JoinOto A and B respectively. = 1
“ Proof 2 =
a=52
’-\ ' = Angles in the same segment)
Statements A]so,ZZ;C_ :2 P
; ieasens -
In all the three fi 2x _52
m<LZAORB P The angle which an arc of a cirg| —Zi g
=2mZACB . (1) | subtends at the centre is twice that whi¢: x=26

it subtends at any point on the rem
partofthe circumference.

ail‘ljng

I ) . The angle in a semi-circle is a right angle.
The angle which an arc of a circle

Similarly mZAOB = I s g Given - s, L
4 - 2m£4DB {n i.subtends dtihe ccntn.a 15 Fyvice ot which - A circle with centre O, AB is a diameter of the circle and
it subtends at any point on the remaining

: ZACB is any angle in the semi-circle. A
part of the circumference.

; To prove

5 2mLACB =2mZADB e RH-S o:f (yand ) de qual e ZACB is aright angle i.e. m ZACB =90°.

SAME quattily, : Construction

Halves of equal quantities arc again equal YOt . '
-.mZACB =m£ADBl Proof :

[ ‘Example @ Find the value of a in the foIIowling circle centred at O. . B Statements Rhsomk
JERs ' b In AOAC,
mOA = mOC Radii of the same circle .

Definition of an isosceles triangle. -
~.AOAC is an isosceles triangle If two sides of a triangle are equal, the
and  mZOAC'=m/0CA 0] angles which are opposite to them are
Similarly in the AOCB also equal.

mOB = mOC Radii of a circle.
mZ0OBC = m£ZOCB n
| Solution ' “-mZOAC +m£OBC=mZOCA+mZOCB | Adding (1) and (II).
same segment).

a=380 (Angles in the



Unit 12 Angle in a segment of q ¢ |
Tcle

I _!_// o~ = 1 " Unit 12 Angle in a segment of a circle
(IH) mLOCA+ mZOCB = mZACB § ‘

CB
mZOAC +mZOBC = miA -+ The sum of three angles of a

~180° : '
But mZOAC+ mZ0BC + m/ACB triangle is equal to 180°, : The angle i ases
e +mZOAC+mZOBC =m £ ACB | Given
Or m/ACB+mZACB= Adding two equal numbers. A circle with centre O, "AB isachordand EF is the
o
R diameter parallel to "AB such that 4B lies above the
_-_méA’MCB! _90° diameter EF .The segment ACDB is less than the semi-

| circular region. ZADB is any angle in the segment.

ZACB is a right-angle.
The angle inscribed in a semicircle is always a right angle (90°). To prove
—— /ADB is greater than a right angle i.e. m£ADB >90°.

230
w ﬂg@@. Construction

reater than a semi-circle is less than a right ahgle. Join D to E and F. ZEDF is in the semi-circle.
Proof - '

aole in a segment g

Given D
A circle with centre O, "AB is a chord and EF 15:;16 c /\\ . Statements Reasons
parallglto "AB such that "AB lies below the j =
; i mZEDF =90 The measure of an angle in a semi -circle
diameter EF . Thus the segment AECDFB is greater 5 is a right angle.
than the semi-circular region. ZADB is any angleinthe E . F _ :
‘segment. G H or mZGDH =90° -+ Z/EDF and Z/GDH are same.
To prove mZADG + mZGDH+mZHDB= | Adding equal quantities on both sides of
ZADB is less than a right angle i.e. m ZADB <90°. A B [ mZADG +90°+m/HDB | an equation.
Construction = mZADB =90°+m/ADG +m/HDB | Postulate of addition of angles.
- Join D with E and F such that ZEDF is in the semi-circle. =mZADB >90° .

ol . <\ \ | - mmﬂ%?

Reasons The GEnaats isate e
¢.op angles of any quadrilateral inscribed in a circle are supplementary.

m/EDF =90° The measure of an angle in a semi-circle is . ‘Given

' aright angle. A circle with centre ' i

| : at O and ABCD is a quadrilateral A

<. mLEDG+ m{ GDH + m/HDF =90°| -: m/EDG +m/GDH +m £ HDF = mZEDF _ Inscribed in the given circle. X

.To prove

..mZGDH =90 | mZBCD +m/BAD =180°. and m£ ABC+m/ ADC=180°
~[m£EDG +m £HDF] Construction -

1
= mZ/GDH <90° : : : Join O to B and D. : DX, c
or mZADB <50° | ** ZGDH and ZADB are same. ; N




_Unit 12 Angle in =7 . _
gle in a segmen, of a i :

v % ] Unit 12 Angle in a segment of a circle F 3 b
Statemen's T e ) &) Exercise12__.
The angle which an arc of a circle ;

AnLE D subtends at the centre is twice that 1. O is the centre of the circle.
which it subtends at any point on the Find the unknowns in the figure,
remaining part of the circumference

The angle which an arc of a circle

'l

; D subtends at the centre is twice that

m/2=2mLBA g ; : b o g
which it subtends at any point on the 2. A regular hexagon is inscribed in a circle. Each side of the hexagon is 5+/3 units fro:
remaining part of the circumference, |- | centre of the circle. Find the radius of the circle. - '

3. Find the value of each variable.

e N L ‘ .
M
(2¢-6)
U
;
@ ®)

1 e ameBCD+2mLBAD (@) | Adding the i e
mil+mLs=

But ml+mZ2=360° -+ circumference of a circle subtends an |
ut mLl+mes=

3 angle equal t o four right angles at the
». (I) becomes .

o centre.
- 2[m/BCD+2m/BAD]=360
360° ividi th sides of an equation by 2.
. m/BCD+m /BAD= 5 _DlVldlIlg both s1 q y o
or mZBCD+mZBAD =180° : 4. Show th e
‘ ; i ntary angles. . at a parallelogram inscribed in a circle wi
- /BCD and /BAD are supplementary. Definition of suppleme Ty ang circle will be a rectangle.

Similarly we can prove that
m£ABC and m£ADC are supplementary.

Parts of a Circle [PEEisass
O SEEE

b

0 is the centre of the circle. Find the
unknowns in the figure.

.Sﬁl_llhogsg Since

x+85°=180°

- x=180°~85°= 95°
y+110° =180°

% y=180°~110° = 70°
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2. O is the centre of the circle. Find the unknowns in the figure.
: N

1. At the end of each question,

(i), Iﬂ‘heﬁgm’OisFth;
& _ 4. Find x. :
. el OF o 0100 Gl . _
Gk dmAADC=60° -BLZ=R 3. ABCD is a quadrilateral cir cumscribed about a circle. Show that mAB +mCD = mBC +ml
(i). Tnthe diagram, /ADCisa central angle an : : .- ‘% 4. Find the value of x in each of the following figures where O is the centre of the circle.
ii)- ! _ . \ i
What s méABCg ” O 120 O 30° N (0. /@ (ii).
015 ) | |
. “1n the figure, O is centre of the circle and ZPQR="10°. a3 ( Q ;
e Igalc:late th; value of x. . \\ \
O 1400 O 2200 O 2900 O 110 ) 5
= y°. { '.\. . < 4
(v). I the figure, £SPT=100% £PO5= 40°and ZPRO=xX (iv) _ L
' [ ,
Calculate the value of x. A . [
0 30° 0 40° 0 50° O 60° \ |
& o 2, 3 .'-\ . e
(v). Inthe adjacent figure if m£3 =7 th;":l find m£1 and m< - -
o lo ok o /, ™ . . )
L+ B 37%, 3 0 375 75 )
o o, (s ! ] . : A e Oheshes Sl
0 75° 3?';: M gorit -/ ¥ //_"“ The inscribed angle is an angle whose vertex is on a circle and whose sides cont:
e N |

' .
j § chords of the circle.

The arc that lies in the interior of an inscribed angle and has end points on the angl

o - , e will be: |
* (vi). Given that O is the centre of the circle. The angle marked ¥ \ called theintercepted ave of the angle.

o1 r 02 OS50 @R’ .  ®© The mt.easurle ofaninscribed ?ngle‘: is one halfthe measure of its intercepted arc.
pe \ ®© Iftwoinscribed angles of a circle intercept the same arc, then the angles are congruent
®© Apolygonisaninseribed polygon ifallits vertices lie onacircle.

vii).Given that O i i le marked y will be: : ;
( ; ) is the centre of the circle, the ang k : Q The circle that contain the vertices is acircumseribed cirele.

© A quadrilateral with its four vertices lying on the circumference of the circle is calle
c \ cyclic quadrilateral. R el
\ © a quadrilateral can be inscribed in a circle ifand only if the opposite angles are supple
®© Inacircle: « the angle in a semicircle is right !

= the angle in a segment greater than a semicircle is acute

@) 125 025 O 50° ) 0175,
(viii). In the figure, O is the centre of the circle then the angle X is:
! y

. 050 075 0 100° 0 125°

\ % e = the angle in a segment less than a semicircle is obtuse.
e R 4 _-w-—m.,,, o= [ EVRR |



i tudents will be able to
e dnit the students Will e 55655
te the centre of a given CITCIE- ‘ .

3 ;-)':::VZ circle passing through three givennon- collinear points.

@ Completethecircle:
"o by finding the centre,
o without finding the cenfre,
When a part of its circumference is given.

@ Circumscribeacircleabouta given triangle.

® Inscribeacircleinagiven triangle.

® Escribeacircletoa given triangle.

@ Circumscribean equilateral triangle about a given circle.

® Inscribean equilateral triangle ina given circle. /
@ Circumscribeasquareabouta given circle.

® Inscribeasquareinagivencircle.

@ Circumscribearegular hexagonabouta givencircle.
® Inscribearegularhexagoninagivencircle.. AL
® Draw 2 tangenf 0 a given arc, without using the centre, throygha given

S

point P whenP is

0 the middle point of the arc,
O at the end of the arc,
o outside the arc.
® Draw a tangent to a given circle from a point P when
O on the circumference, O outside the circle.

3 graw two tangents toa circle meeting each other ata givenangle.
raw direct common tangent or external tangent,

® Transverse common tan i
i gentor internal tangent t.o two equal circles. -
O direct common tangent or external tangent,

O transverse comm i
® Drawa tangent 1o on tangent or internal tangent to two unequa

O two unequal touching circl
® Draw a circle which touchesg i
O both the arms of a given angle

O two converging lines
and pas : ;
o three converging lines Pesies fugh a givan ot befesn ther,

O two unequal intersec ng circles

" Unit 13 Practical geometry circle e

f{;%}j.i_.gi;;ﬁ»’ain} —

[ Why,
Greek geometers at the time of Euclid believed that circles @
have a special perfection. With the rediscovery of Euclid's
Elements by English philosopher Adelard (twelfth century) b
this way of thinking made its way into the European wo:{d’
The designs in many early buildings and churches were baseti
on geometric principles learned from Euclid. Today the
pra_ctica] geometry of circles is at its best in masajids,

Practical geometry is a very important branch of ma i .

. ;i thematics.
n?cchamcal'n_lethods of constructing various geometrical ﬁgu;-zz %?i;htﬁetgaﬂdt we.
hlihlylessen’ifgl I}I: all d];aftsmanship necessary in the work of engi;leers archjl;i?;f s:;vrvh‘
and others. The huge buildin i H , Surve
gecsmetry. g gs, bridges and dams around us are all indebted to pra

= ""'

T Historical Bhong Masjid Rahim Yar Khanst:m
2 g B -

EEE Practical Geometry

= J

LAk il Locate the cant f i
Locate the centre of a given circle

i_}n-‘e;E: A circle without any mention of its centre.

Required: To locate the centre of the circle.

Steps of Construction:
(i) : _
(1). C.hoose any three points A, B and C on the
- circumference of the given circle.
(if). Join A with B and C.
( e - § — ———
:1”. Draw the perpendicular bisector of 4B and AC .
\.!\ ). These bisectors intersect at O.

(V). O'is the required center of the given circle.

NOT FOR SALE
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. " h three given non—collinear points

larie which are

o lﬂﬂ I sing throug
£ 4 Draw @ cm:le pas
 Given: AnythreePomtsA BandCinap
non—collinear. .
IReqmred To draw a circle passing
Steps of Construction:
{I:l JoinA to Band C respectively.

(ii). Draw the perpenchcula: bisectors

through these poi‘{lts.

£, and £,

of AB and AC. _ ‘.
I' ii). Point of intersection of these perpendlcular
i bisectorsis O. = ¥ P ' _!l
b / (iv). Taking radius = mOA—mOB=m0C,drawac1rcle. X
' ’ This is the required circle. i o Y ot
b ; by finding the centre when a parColits circumfereng
J m (a) Complete the circle, b) .

is given

Given:A part AB of the circumference of a circle.
Required: To complete the circle by finding its centre.

Steps of Construction:
(). Choose any point C in the given arc AB at
- reasonable distance both from A and B
-~ with C as such we get ACand BC.
). Find the mid— points of AC and BC and
draw the ir perpendicular bisectors £, and £,.

(iii). The point of intersection of £,and ¢, is the
centre of the required circle. Denote this
point by O.

(). With O as centre draw a circle with radlus equal to mOA or mOB or mOC
This gives the required circle.
(k) Complete the circle without finding the center when a pal ¢ of its circumfe!
given _
Given: A part AC of the circumference of a circle.

Required: To complete the circle without finding the centre.
Steps of Construction:
(). Take any point B on the arc AC :

[

ence s

Unit 13 Practical geometry circle

(ii). JoinAtoB,BtoCandAtoC.

(iii). With C as a centre and radius equal to mALE,
draw an arc. Again taking B as centre and radius
radius cqual to mAC draw another ar c, whxch
cuts the first arc at point D.

(iv). Join B and C to D. With D as centre and mdius.
equal to mBC, draw an arc and with C as centre
and radius equal to mBD, draw another arc which
cuts the first arc at point E.

(v). Join C and D to E. With E as centre and radius equal to mCD, draw an arc and w-
D as centre and radius equal to mCE, draw another arc which cuts the first arc a

(vi). Continue the same process which gives a sequence of points getting nearer a:
nearer to the point A. All the points D, E, F, G ------s0 obtained are the points lying .
the circumference of the required circle. .

(vii). By free ~hand drawing of arcs joining the above sequence of points.

This gives the required circle.

31 Circles Attached to Polygons

ibe a circle about a given triangle — C

Given: AABC
Required: Tf’ circumscribe a circle about the ——’%
given AABC.
Steps of Construction: . ol i |
O Driw AC. ' A ; B
(). Draw perpendicular bisectors £, and \‘l—/

£, of two sides 4B and BC, which ,:
intersect each other at O. |
({ii). Draw a circle with centre O and radius ;f
equal to mO4 or mOB or mOC.. %
(iv). This is the required circumscribed circle about the given triangle.




YHIE1S Practicq| geomege
_ et

3 S on '-;"“'.'J' T )

- m] inscribe 3 circlein @ given triangie
~ Given: AABC . l;:
. od: To inscribe @ CIrC®
Beguived touches all thethree st

in the given n'igngle i.e. to construct 5 cirg)
des of the given triangle. . ¢ Whigy

Steps of Construction:
(i). Draw pisectors £,
Gi). f,and £ intersect @

and £,0f any two angles say £4 and ZB of Bk
t 0 which is the centre of the required circle,
: i |

Adpe

(iii). From O draw OD L 4B.

(iv). With O as centre and mOD as radius draw a circle , which touches all the three
sides of the given triangle. y

This is the required inscribed circle in the given triangle.

Ix8+1=9
"12x8+2= 98
123 x 8 +3 = 987
1234 x 8§ + 4 = 9876
12345 x 8 + 5= 98765
123456 x 8 + 6 = 987654
1234567 x 8 + 7 = 9876543
12345678 § + § = 98765432

123456789 x 8 + 9 = 987634321

S e
" Unit 13 Practical geometry circle

Given:

Required: To draw an escribed circle

Steps of Construction:

- {i).
(iD).
(iii).
(iv).
(v).

This

vertices B and C can be drawn.

Escribe a circle to a given triangle
AABC

opposite to vertex A of
the AABC.

Produce AB and AC to form two
exterior angles ZCBD and £BCE.
Draw bisectors £,, £, and £;0of ZBAC

/CBD and ZBCE respectively. -
All these angle bisectors intersect at O.
Draw OF L 4B.
With O as centre and mOF as the radius, draw a circle, which touches BC, BD

and CE.
circle is the required escribed circle. Similarly escribed circles opposite to the

BRI Circumscribe an equilateral triangle about a given circle

Given:

A circle with centre O.

Required: To circumscribe an equilateral triangle about the circle.

Steps of Construction:

(i).
(if).
(iii).
(iv).

(v).

- (vi).
The

Take any point A on the circumference of the circle
and join O to 4. OA is radial segment.

Construct an angle Z AOT of measure120°, - 1200 1%
Construct another angle 2 TOU measuring 120°.
The three points A, T, U which are lying

on the circumference of the given circle

are such that they divide the boundary of 75 R
the circle into three equal arcs which are /

AT ; TUand UA.
Draw perpendiculars to 04, OT and OU at A, T and U respectively. These

W

perpendicular lines are ?Q, RS and VW .
These lines intersect each other at B, C and D forming a triangle BCD. :
ABCD is the required equilateral triangle circumscribed about the given circle.



Unit 13 Practical
9eomety,, .
Y circle

%.3 Inscribe an cquilalcral triar
| Given: A circle with centre O.
Required: To inscribe an equilate

Steps nI'C_onslru‘c(i(:n: g . P
(i) Drawany diameter AD of the given circ e. '

(i), With centre D and radius m OD, draw two arcs
which cut the given circle at Band C.

(iii). Join A t0 BandC.

A ABCis the required equilateral

. g H c
jgle in a g .‘-m circle
D

ral triangle in the circle.
B

triangle.

"+ Exercise 13.1

1. Construct a triangle with sides 2 ¢m, 2.5 cm and 3 cm. Also draw its circumcircle,
3. Construct a triangle ABC such thiat mAB =3"mAC =4" and mZA=60°. Draw

circumcircle to this triangle.
3. Suppose we have a friangle whose sides are 3 cm, 4 cm and 6 cm respectively. Draw s

inscribed circle. ;
4. Construct a triangle ABC with sides mAB = 5cm, mBC = 6cm and mCA=8cm.Draw

perpendicular bisectors of its sides and then circumscribe a circle.

5. -Draw a triangle ABC with m/4 = 60° and m£B = 45°. Draw three angle bisectorsand -

then inscribe a circle in it.
6. Anequilateral triangle s inscribed ina circle. Find the altitude of the triangle ifthe
rofthe circle varies asunder. '
: r =3unlirs, r=4 units, r = 6units, r = 12 units.. Can you deduce some result from i
. ;nﬂlequll?eml triangle is circumscribed about a circle. Find the altitude of the triang!?
_ Cane radius 7 of the circle varies as 7= 2 units, # = 5 units 7 =10 units.
X you deduce some result from this?
. Draw ::i’be 2 eflulla‘eml triangle about a circle of radius 2", 3" and 1"-
i langle Wthh sides 2.5 cm, 3.5 cm and 4.5 cm long. Draw an escribe
gle touching the longest side of the triangle.

radius

d circle ©©

10. For th p i 3
¢ problem in Q.9 draw an escribed circle to the triangle touching the smallest sid

_,/"_'_'_'-_

Unit 13 Practical geometry circle

ﬂm Circumscribe a square about a given circle AT
Given: A circle centre at O. i

Required: To circumscribe a square about the
given circle.

Steps of construction: -
(i) Draw any diameter AB of the circle.

(ii). Draw another diaﬁter CD which is

perpendicular to AB .

Draw perpendicular PO, RS, TU and

_ VW at the extremities A, B, C, D of the
diameters AB and D,

(iv). These lines cut each other at the points
E,F,Gand H.

(v). EFGH is the required circumscribed square about the given circle

(iii).

Inscribe a square in a given circle

Given: A circle with centre O.
Required: To inscribe a square in the given circle.
Steps of construction: :

(i). Draw any diameter, say AB, of the circle.

(ii). Draw another diameter CD of the circle which

is perpendicular to AB .
(iii). Draw 4C, CB, BD and DA.
ACBD is the required inscribed square.

Square inscribed in a circle.

NIAEP [2ANE) KA\



LB Circumscribe 2 regular hexagon about a given circle
M A circle with centre 0.

nired: i i
red: To circumscribe a regular hexagon about the given circle,
s of construction:

I Take any point A on the
circumference of the given
circle.

D. With Aas centre and mOA4 as
radius, draw two arcs which cut LT
the circumference of the circle at

- BandF ' Ty

ii). Through O, draw AD, BE and FC.

¥)-.Draw perpendiculars at the extremities
A, B, C, D, Eand F of the diameters 4D,
EB and FC of the circle. These lines cut
each other at points G, H, I, J, K and L.

HIJKL is the required circumscribed hexagon.

PR Inscribe a regular hexagon in given circle
:n: A circle with centre O.

uired: To inscribe a regular hexagon in the given
circle.

s of consfruction:

ls I Take any point A on the circumference of the
given circle.

). With 4 as centre and mOA as radius, draw
an arc which cuts the circumference of the

rcle at B. Similarly draw s'uccessi\;'e arcs which cut the circumference of the circle at D,
). Draw E,B_Ct CD, DE and EF .

'CDEF is the required hexagon which is inscribed in the given circle.

A

UL = = : : . s "ﬁ?
+ Exercise 132 . )

——

1. Circumscribe a square abouta circle of radius 5cm_

Inscribe asquare in a circle of radius 6 cm,
" Draw a square of side 6 cm. Circumscribe a circle about that
™" circle in the same square. Measure the fadii of these two circles,
4. First draw a circle of suitable radius, so that ¢
sides of length 8 units.
Inscribe a square of side 10 cm in a circle. What wil] bet
Inscribe a regular hexagon in a circle of radius 4 cm.
Constructa circle of radius4cm and draw a regular hexagon about the circle.
Draw a circle of radius 8 cm. Circumscribe a re

inscribe a regular hexagon in the same circle. F
" Comment on the values of these areas,

square and then inscribe a
he square circumseribed about that circle has

he size of the radius?

g WS Ui

egular hexagon about that circle and also
ind the areas of these geometrical figures.

10. Can you construct a square whose area equals the areas of agiven circle? Discusls in detail

[EJE] Tangent to the circle

UERAE (i) Draw a tangent to a given arc, without using the centre, th}uugh a giv;:n
point 2 when P is the middle point of the arc

Given: An arc such that P is the mid point of the arc.
Required: To draw a tangent at P.

S.teps of construction:
(). Draw AB.

). From P, draw Cp L 4B. '
(@ii). AtP, draw EF 1'CD which is the required tangent at P.

o




. Unit ; - = Rl e St
. i s P"'Jtt:cm gé%ﬂr&“‘Q p—— _
I - . St | T N 3 o
téngt'nt toagiven arc, without using the Centre, thl‘{)u h a"l'gg’j ; Unit 13 Practical geometry circle
- i a tar iva. ¥ i P ; .3
2 (ii) Dr;‘:hen'-[’is attheend of thearc : i b By T (ii) Draw a tangent to a given circle from a point P when P lies outside the
- 1 ¥ :
[ point 5 ofa circle. circle
iven: Anarc AP ofa ¢ int P :
( Gwer}. s i 8 8 gent at the end point F. Given: Acircle with centre at O. P is a point lying outside the circle. A
] Requ]r:‘::.ms(rﬁéﬁﬂﬂ-' Required: To draw a tangent to the circle from the
Steps 0 :

(. Take any point Q 0 the arc AP and draw
l . e

the clhordsl E aﬂd PQ.

given point P.
Steps of Construction: L
(i). WithP as centre and mOP as radius, draw

i 3 d Q —-—--A
(ii). Join A an 2 an arc OA.
(iii). Now construct LQPT = ZPAQ. (if). With O as center and the diameter of the
(i¥). PT is the required tangent atP. . ‘ ? given circle as radiusfaw another arc
S Draw a‘tanlgenf toagiven arc, without using the centre, through agiven which _iiersectsl arc 04 atE.
(i) s fcouttd jii). Draw OE which intersects the circle at F.
point Pwhen Pis ouicue thearc _ x (iii). - Y :
Given: AT isanarc and P is a point outside the arc. - (iv). ThroughF draw PF' which is the required tangent. - -
tads ] i the arc. - :
Required: To draw.a tangent it nalih oy ; FRIERE Draw twa tangents toa circle meeting each other at 2 given angle
Steps of Construction: ‘ x _ ; g
(i). Join A and P. Which cuts the arc at B. Given: A cirele with centre O and an angle :
T equal to angle 0. The vertex of the :
(ll).‘ Bisect AP atD. Q El 3 P S anglé sk £78
(iii). With D as centre and radius equal B ' g i !
= e r , D BM Required: To draw two tangents to the given
to mDP, draw a semi - circle on 4P . A circle such that the tangents are
(iv). Draw BC L E, which intersects the semi-circle at C. \ . inclined to each other at the angle 6.
: j 3 FConstructinmg:
(). ~With Pas centre and mPC as radius draw an arc to cut the given arc atE. Steps of Construc tion: B
(). Draw PE which s the required tangent, - 0 g:} i:a;” s ‘::me‘z; gg -
(i) Draw a tangent to a given circle from a point P when P lies on 0 ¢ » construct =49.

(iii). AtD draw DELOD .
(iv). ‘At 4 draw 4G 1 OA.
(V). These two perpendiculars intersect each

‘circumference

Given: A ghc!e_with centreQ and Pisa
pointlying on the circumference

- ofthecircle. other at H.
._I_{eqmred : To‘d?}:v a tangent from the (). D and AF arethe required tangents
po]n A o 5 k. - P :
Steps of construction: setined o cactuofhersliangle th_e _aqgle 9 2
(). Draw OP.

(ii). Draw OP 1 QP at p,
(iii). PQ is the required tangent at p,

- Mathematics X ]
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I'tangen ¢, two equg) Circleg

Steps of Construction:
(i). JoinOtoP.

(ii). Now draw two perpendiculars on OP at O and p which cut the circles at A and B
respectively. ¢

(iii). Join A and B and produce it towards both ends.

(iv). AB is the required direct common tangent or external tangent to two given equal
circles.

(ii) Draw transverse common tangent or internal tangent to two equal circles

i i i : ively.
Given: Two equal circles with centres at O and P respective : _
Required: To?:lraw transverse common tangent or internal tangent to the two given arc]_es.

%

- -

it 13 Practical geametry circle
ni

u ;

f construction: .

Stt‘l; & Join O and P, the centers of the given circleg, ‘
(i)- s

(if). Bisect OP atC.
(iii). Bisect CP atD. _

(iv)-

e

Draw a semi—circle on CP diameter which cyts the given circle at E.
(v). Join EandP.

(vi). Draw OF | EP. 4
(vii) Join E and F and extend the line to both directions,
(‘,im_@ff is the required tangent to both the circles,

(i) Draw direct common tangent or external tangent to two un —equal circles
Given: Twounequal circles with centres at O and p respectively.
Required: To draw a direct common tangent or external tangentto the given circles.

Steps of construction:

(). Join centres of the circles O and P. OP cuts the circles at R and S respectively.
(). Bisect oP at Q. With Q as centre and ma:s as radius, draw a semi circle.
(ii). Take a point T on 07 in he bigger circle such that mRT= mSP=length of the radius
of the smaller circle,
- (V). Wity center O and mOT as radius, describe an arc cAtRIE the el el
(). Draw 'a‘.'_.-'to meet the bigger circle at M. i :
(). Dray 5 N I ' G Toin M s 1 anid produce it to both sides to get the common
tangent or external tangent MN tothe two given circles.
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teal geometry g Unit 13 Practical geometry circle

~ (i) Draw transverse commeon tangent or infernal tangent to two , : lm (a) Draw a tangent to two unequal touching circles
circles - Heggg) Given: Two unequal circles with centers O and P touching each other at T.
: I;g quired: To draw a tangent to the circles.
Steps of Construction: - ‘ = ‘
(i). Jo_in the centers O and P of the given circles, Op passes through T, the point
contact.
At T draw a line ATB 10OP.

Given: Two unequal circles with centres O and P having radii #; and Iy, where 1, > r,
Required: To draw a transverse common tangent or internal tangent to the g.iven circles.

(ii)-

(iii).-ATB is the required tangent to the given circles,
A

"Steps of Construction: . J

(D). Join the centres of the given circles and produce the line to both directions. Also -

= it (b) Draw 2 tangent to two unequal intersecting circles
draw a line segment AB such that mAB = rtr.

: Given: Two unequal circles with centers O and P and intersecting each other.
(ii). With centre O and radius equal to mA4B , draw a semicircle. Required: To draw a tangent to the given circles.

(iii). Bisect OP at C. Then choosing C as centre and mOC as radius, draw an arc which
cuts the semicircle at Q. : :
(iv). Draw 00 cutting the bigger circle at T. Now from P, draw P_S.” 0Q in the opposite
sense cutting the smaller circle at S.
(v). - Join aécutting the given circle at T. Now draw a line parallel to OQ but passing
' through P which is the centre of the smaller circle. This line cuts the smaller circle
. at8S. : % '

“(vi). Join T and S and produce it in both directions. The line Eso oi)tainecl is the required

transverse tangent or internal tangent to the given unequal circles.

- -




“1uLuCdl geg B
STeps of Construction: geometry cirgl,

. = | geometry circle
(i). Join the centers . I _ B Unit 13 Practical g y
] - of the given circles and : :
- : Produce it to the rj h ;
ii). D — ght. o it e ol : T
| (ii) _iaw a line segment PQas a radius o et = (|’|) I)r.n\.f a circle which touches two converging lines and passes through
OP . Also draw OR fhetad such that PQjs not along given point between them :
: » the radi i . s iy N L — A
: 0, Tolt g Tadius of the bigger circle such that OR js parallel to ppy Given: Two converging lines L4 and KC meet at B and ZABC
R - . an__Q and produce it to meet the line Op d ; Q. is an angle formed by these converging lines. Let D be a
: segment OS at T and draw a semicircle on O wh produced at 8. Bisect the lin point lying between these converging lines
’ : on w ; . :
(iv). Finally join § and L and produce it , M ich cuts the bigger circle a¢ L Required: To draw a circle which touches
4 0 M. SM s the required tangent the two converging lines L4 .
EEEEZ ()b i : XC
3 An() raw a circle which touches both e arms of a given aneje i o0d KL atug passcs: through
1ven: angle /4 s s - Ve ' given point D.
g BC whose vertex IsatB. 4B and BC are its armsg # Steps of construction:

(). Draw the bisector BE of g
the angle Z4BC.

{ii). Take a point F on BE and draw FG 1 BC. With F as centre and mFG as radiu:
draw a circle. This circle touches the given converging lines tangentially.

(iii). Join D and B DB cuts the circle at H. Join F to H and draw DO || FA .

(vi). With O as centre and mDO as radius, draw a circle C which as required.

v Exercise 13.3
: ———
1. Draw an arc of length 7 cm. Without using the center draw a tangent through a given poir
P when Pis

(i}. The middle point of the arc..

(ii). End point of the arc. -

(i11). Outside the arc. o Pt g
2. Draw a circle passing through a point D and touching a given line BC at point D.

L S R N S S

! 3. Describe a circle of radius 4cm, passing through a given point C and touching a give
; _ straight line E .
. 4 4. Radius of a circle is 2.5 cm. A point Q is at a distance of Scm from the centre. Draw tanger
#( _ to the circle from the point Q. :
x L x 5. Radii of two circles are 2 cm and 3cm and their centres are 8 cm apart. Draw direc
Steps of construction: D ;
i i common tangents to the circles. , 10 Dray
(). Draw BD, the bisector of Z4BC . g 6. Two congruent circles are of radius 4 cm each. Their centres are 10 cm apart.

f transverse common tan these circles
) gents to these circles. ) . ’ )
n 2 7. Radii of two circles are 2cm and 2.5 cm respectively. Distance between their centres is 3
(iif). Taking O as centre and mOF as radius draw a circle, ! cm. Draw transverse common tangentsto thecircles.” EEWRT, Tl 5.
(iv). This is the required circle. = ' i 8. Draw ZABC of measure 60°. Construct a circle having radius 2.5 cm

arms of the angle.

(ii). ' Take any point O on BD and drawa perpendicular OF on BC.
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Re

iew Exercise 13
1. At the end of each question, four circles are given. Fill in the correct cirg)

€ on
(). The measure of the external angle of a regular hexagon is Il}'. '

T n OE.'

O none of thege

(ii).. Tangents drawn at the end points of the diameter of circle are
O parallel O nerpendicular
'O intersecting O none of these

(iii). How many tangents can be drawn from a point outside the circle?

01 0O 2 O3 O 4

' (iv). If the distance between the centers of two circles is equal to the sum i S
then the circles will Of‘helf.mdu,
O intersect O donot intersect

O touch each other externally O  touch each other internally
2. Practically find the centre of anarc ABC.

3. Escribe a circle opposite to vertex A of a triangle ABC with sides |AB| = Scm,. [BC|=4cm
ICA|=3cm. Find its radius also. - ’

4. Circumscribe a circle about an equilateral triangle ABC with each side of length 5cm.
5. Circumscribe a regular hexagon about a circle of radius 4cm.
6. Constructa circle of radius 3 cm. Draw two tanigents making an angle of 60° with eachother.

7. Draw two equal circles each of radius 3.5cm. If the distance .between their centres
is7cm, then draw their transverse tangents.

8. Draw two comon tangents to two intersecting circles of radii 2.5cm and 3.5cm.
9. Draw two common tangents to two touching circle of radii 3 cm and 4cm.

®

9 1©®

Unit 13 Praétical geometry circle = S .

‘i he perpendicular bisectors of two non-parallel chords of a circle intersect at a point
which is known as centre of the circle.

@ Acircle of any radius can be traced by rotating a compass about fixed point.
@ Acircle can be drawn through given three non-collinear points.

@ If a triangle; the circumscribed circle, inscribed circle and escribed circle opposite to
each vertex can be constructed.

@ When a part of circumference of a circle is given, the circle can be completed.

If a circle is given, then the circumscribed and inscribed equilateral triangles can be -

constructed.
For a given circle, the circumscribed an inscribed squares can be drawn.

&

Foragivencircle, the circumscribed and inscribed regular hexagon canbe consuuctecf.

®

I |

Tangents can be drawn to a given circle, whena point is an its circumnference and from a
point outside the circle.

We can draw tangents to a given arc as its mid point, its any end point, and a point not on
thearc. i

Tangents to two unequal touching circles can be traced.
We can construct a circle touching the arms of a given angle.

Direct or transverse common tangents of two equal circles or two unequal circles canbe

drawn. =

@ A circle passing through a given point between two converging lines and touching each
of them, can be traced. ;

YA summary of several pages
can somehimes be as brief
os one sentence.”

i'




i. {3, 5)

2

== | | _{Js"sJ

Iixercise 1.2

@ {L£2) (fi) fe2,3]

iv. {~12, 14) " {1 5} . {0,

ii. {12, -6} - % S {~2+J§,~§—J§}

Q Kns/wers = 3 . . : ;

w {1245 } (vi) {10. _?2} (vii) {1,3, %}
(viii) {14+ V15 } (ix) {:%ﬁ,liﬁ} ® {2,0)
i) 0, -2) i) {-1,2) (xiii) {~1£471,2,-4)

(xiv) {"ﬁ;‘ﬁ} () {-415) o

Exercise 1.3

@ {3} (i) {s) G {5} @ g

{2} (vi) {0} (vii) {4} (viii) {6}
(%) {0, -2} ) {-% -1}
i -3

Review Exercise 1

i, 1445 iii. cannot be simplified
: % . 242
v.a=2,b=-1,c=-3 v. x=4,-1 W =
Vi, x:i_;. viii. 2 or-9 ix. x=3orx=5

7 T
8 V2, — B a=-2b=0 I x=-2
_. ﬁ} B ==

2




Answm

Exercise 2.1

‘L (i) =36 (i) 9 (iii) -3
F 2. (i) Real (irrational) and unequal (i) Real (rational) and unequal
] (i) Complex and uncqual
ﬁ] 3 @) %6 Gi) £12  Gii) 2

4

" (D{—S:;\E} (u){ 2'-}} (iii){—zl—.__;_}

5. (i) The roots are real (rational) and unequal: 3, é-

(ii) The roots are real (irrz{tional) and unequal :3 +45,3=5
(iii) The roots are real (irrational) and unequal : V3 =B

f 6. ()() ksg (b) k:% (i) @ k<1 (b) k >1
' B 25 25
{ ',__ . (ii1) (a) k ST (b) k& >.T
,-i Exercise 2.2
f
r -1, -0, -’ (i) 2, 20, 20° . (i) -3, -3w, -3’
@i o0 g (i) —128w* 6(w-1)

xercise 2.3

Il

=3
(i) Sum of the roots =1, Product of the roots =4—t

(ii) Sum of the roots e Product of the roots =3

(iii) Sum of the roots = =, Product of the roots = =

i} F A’nSWEI'S
ﬁf_ k=l R k=21
R k=o -5, T
g W k=6 A n-5.-2
Exercise 2.4
gy o2 e

() 2 =3x+1=0 (i) .rz—.é—12=o

(iv) X’ +ax—2a’=0

(jii) X*~6x+7=0

"— a*x’ —(b: - 20c)x+c: =0
" ' (i) g (ii) 5 (iii) —%

1557 +26x+15=0 6. 2x'—12x+17=0

Exercise 2.5

}\,W ) 0(x)=3x*-7x+20, R=—61
(i)  Q(x)=2x"-x49, R=0
(i)  Q(x)=2x"-4x*+5x-5 R=3

by

- k=8 p=-4.9=1 KB a4=-2b=-|
L“‘m%* -L-2 BE 2+3

' Exercise 2.6

(i) (4.2).(4.-2) i) (2.12), (4,0)

M (1, 0). (-1, 0)




: . . . : Answers J I 3
. vi. (3,6), (-3.6), (3,-6), (-3, -6) , | \
. (L IJ (_L 1] [L _1) [_L ‘IJ ] Exercise 3.1
VL. JE' ] . '\/5, ] '\/i, » \/5, . I
- 4 151:208
1. (_2! 2)3 ("19 3) 63
x=

Exercise 2.7

First Partner = Rs. 8,000, Second Partner = R, 12,800, Third Partnr = Rs. 19,200 ;/'/f

14.5 ‘
i). y=81 (i), «x=10,-10

| .
| s.9 3,4,5 or -3,4, -5,
E 4,7 6and 8, -6 and -8

{ 9m, 4m
4 21m, 12m

,!' 9cm, 6cm “ 9cm, 12 cm 2] 3cm, Scm, 4cm ¥=2 (ii)'. g | i
15 goats. r=>54 @. p=18 :
| Review Exercise Z — — i ?
.' : i x 4 6 7 15 | %
- - i 3 i. *—2x+15=0 iii. none of these . /
| 5 2 2 3 45' |- s v
iv. = ' 3
7
x =% 128 , ' Exercise 3.2
- | . =
i 1 ' (i) Continued Proporti 1
(i) Sum of roots = 0, Product of roots = %% J S ntinued Proportion
' . (ii) Not in continued proportion (iii) Continued Proportion
(ii) Sum of roots = ==, Product of roots = 0 ; '
6x* -17x+12=0

(=4 e

]m The other root is 1, k =6
N -

B ) (-19).(4-) (o nes 6 |
@) () (~BE) (BB () - - :

EEY o oo




Answers { > Answers
Exercise 3.3 Exercise 4.1
f=405 QR a=2 B il [ N W
: WY o e s 3. 1 1
a= 2L & -2 N 2(x+5) sy BB gyt gty
2 T2 | ',.-; B 1] : - .8 8
p=ﬁ. q_r:,_lz_&_a 6 (x+5) 6(x—1) m-'-?(—l’x——-ﬁ
T ' :éf
" = "9 55 1 '
Exercise 3. - + 3 n_10_ 6
& ’ 4(x—!) 4(.\‘+2) 2(X+]]' x+3 x+42 (.’!7'1‘2)2
| (i) 18m (ii). 3 S 1 5 g 2 1
T T —— + R - +
b i ; = 2 :
119N/cm? 000 100N/em® B 95 9(x-3) 3(xfB) o XL Uty
| 8 days R J00N/m” S 1 1 ' 3
F I + . -
6cm. L v=2816em’ i E A0 4 (x M) 2(.\‘—_1)2 ) 4(x—1)

Review Exercise 3 : Exercise 4.2

5 x-11
Ny - -
, i. acch ii. mn=k iii. 3to2 - 4(x-1) 4(:21-3)
o 1B 5 Y 3 3 3
oo O i D vi. — BN - g
g i x 2(x=1) L 52 5(P45) :
et o fa+ mc+ ne -
viii. a=— - — .
b+ md+ nf Y S ) i O -3 +J,t—5"ﬂ
T(x+4) & 7 35241 m x+l -2 (f-z)z
4 ‘ 4x+8 x=2 - 4x—5 " 0:
R 300 units 36=2) 3(e 1) ) 8. e

5 _ 4 - 2 1 1
, (x2+[)2+x2+l+x+l x—1

S . Sped, . 3

o 59




Review Exercise 4

({1,3,57,..19}
@ii) {1, 2,3, ... 20}
™m{}

!
!
|

¢ ' (vii) {1, 2,3, ... 20}
1

I

@) { }
) {1,2 3,-.. 15}
(i) )

W) {1,3, .. 15)

|

! 1 1
n @) 2(x-1) 2(x+1) (i) Rational fraction (i) Improper fraction
} (iv) ¥-3y+1
§ o rmaaaah i PN 16
x=1 x+1 x-2 x-1
i
i =i 2 . 1 2
- 5 i e = v. —_— 3
i xox=l (x-1) x=1 " (x-1)
B R PR I ST
,I R o T : x=1 2(x+1) 2(;34.1)
i
! L AR e RETEE S )
: T X+l (,\'21—1)2 v x + 1 x
1||
[i = x—1 3
ii[ X +2x+4 X¥-2
.;[; - X 1
(I
i (¥ +1)
I Exercise 5.1
i
I-[-. ®1{0.1,2,3) @{1}  Gi){1,23,4) (v) {13}
| (V}{091o3a4} (Vi){l‘213}
' @) (1), {4,6,8) i) (0,1,2,3),{ } (D) (2,4,6,...}, ()

(i) {2, 4, 6, ... 20)
@(iv) {1,2,3, ... 20}
(vi) {1,3,5, ... 19}
(viii) {2, 4, 6, ... 20}
) {1,2,3, ... 20}
A ()

y- Xiv) {1,2,3,... 15}
i) {1,2,3, ... 15}

(viii) {2, 4, 6, ... 14}

ST T S e e e oSN
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Exercise 5.4

R = {(1,4), 2. 4))
R2={(2,5), 3,4))

Rs = {(1,4), 2, 5), 3, 5))
Ri={41) -
Ro'={(5, 1), (5,2))

Answers -

-

i) [(1,5).(2,6), (3.7, (4, 8))
(i) {(1.6).(2,5), (3,8), (4.7}
(i) {(1.6).(2,5),(3,7), (4.8))
(iV) {(5‘ 1)9 {6! 2), (79 3)7 (8, 4}}
™ ((5,4),(6,3),(7,2),(8, 1)}

B O itisa function. e
. Range = {1,2, 3, 5} # A, not onto
(ii) Itis a function.
Range = {1, 2, 3, 4}# A, not onto
(iii) It is a function.

Ra= (& 1), (4 2), (4. 3)) | : (vi) {(1,5),(2,6),(3,5), (4, 6)}

K= " Range={1,2,4,5}# A, not onte’
={(4,2), 4,3), 5, 1), (5,2)) _ R TR W 3
Ri= (1, 1), (1,2)} ' - ST bR

? (iii)
Ra=((1,3), (2,2)}

(i) Anonto function fromAtoB (i) 2x3 (i) {0,43,1i and 16.10.14 18"‘ { :
i Ry = {(1, 1), 2,2), 3, 3)) b

| ” R.1={{(3, 1), 3,2)} - _ . @(v) 13 (V) Rangef=B vi) {0,8,10,14}

H iv) R, ={@4,4)) ; :: ;
i @) (1,2, 3,.... 100) ( 2,4,6, .

H - R:={(4,4), 4,9)} ) (13,5, . 99] il (i) (2,4, 6, .. 100}

R={(2,1),G, 1,4 1,4 3)}

; (i) Function - (ii) Bijective function
Range = {0, 8, 16}

“ (iii) Bijective function (iv) Not a function

Range = {1, 7, 17, 31}
i ; 2 (i) Function, Range = {1, 2, 3,5} , notonto
| hf ‘ - ! (i) Function, Range = {1, 2, 3,4} , notonto
| Exercise 5.5 & (iii) Function, Range = {1,2,3, 5} , not onto
R ' > . SSE
I R, is not function. ' 1 {v) Hat . Function ®
' _ Rpisonto function.
| Ry ix gt functiofi i) {(=5,1),(=6,2),(—4,3),(-3,4))  Note: Several answers are possible. ' q
mmmpm o o funcion i) {(-5,2), 6, 1, (4,4), (3,3))
f (i)  nota function, because both conditions of being a function are not I (iii) {(-5,4),(-6,3),(4,2), (-3, 1)]
i I satisfied. . | (iv) {(-5,2),(-6,2), (-4, 1), (-3,3)}
(iii)  nota function | _
H (iv) into fanction by
Eils - Exercise 6.1
I (i) ° There exists one—one correspondence between set A and set B. S5p _ :
’ (ii) . There is not one-one correspondence because P€ B Y Class-Limits Tally Marks Frequency |
. . . 4 [ _ 1
| , remains unpaired } 35— 45 I 2
] I @ There does not exist one-one correspondence between set A and set B. 46 — 55 111 4
' It is one-one function. B ] 56 —65 i 6
, (i)  There does not exist one-one correspondence between set A and set B. l 66 —75 wli 9
It is into function. | 76— 85 u,n | 6 _
86 —90 11 3




= ‘/'_;_,———-——-—J"‘N
Answers “ Answers
5. Mo Class intoeyal g
1 1—3 01 | ”
2 4—6 04 | .
3 7—9 i
4 10—12. 03 | kR
5 13—15 s
6 16—18 04 5
7 19—21 03 ! ;
8 2224 02 ; . 3 A
Zf=25 | 2
i 1 g
| R )
] c s
B il iy |
| L =
4 | ES.
| 3
e — 7
2 JPr— \ E
| | e
| i
g | :
A - i =Sa glr'y : | %
195 JAS 195 345 395 445 4G5 545 . i i
| 2 -<—-——-
Class-FLimits i ; 4
| } # N | o |
_',.. 2 20 —24 N 3 ; ' 1«

25 —29 ; Wil 6
ll - ' 30 —34 A N ¥
35 —39 Wi 8

40 —44




Answers
Exercise 6.2
f _ Class-Limits Tally Marks | l-'n:qumm-_'
55— 64 I 2
65—174 11 3
75 —84 Pl 6
85 —94 I 4
| 95— 104 [ 3
L , 105 —114 0
115— 124 | 1
| 125 —134 0
i 135 — 144 0
; 145— 154 1
i | , ‘
‘.— Age in years Upper class Frequency Cumulative
5 l. SRE ) Boundary fre ¥
o 20—3 245 1
'|| 25—6 29.5 2. 142=3
30—9 345 16 3+16=19
35—12 39.5 10 19+10=29
| 40—15. 445 22 29+22=51
| 45—18 49.5 20 51+20=71
5021 54.5 5. o 71+15=86
= 59.5 14 86+14=100
100
90
80 —
-é 70 A
% 60 /// = 9 met
2 0l— —— 498 Taes ms ms W
2 P o E ] fi 2 | i i
=B - BN .20 G Gipns @10 0DS

Ma.ﬂiemati_cm X
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S.D: Maths = 9.96, Physics = 3.15, in Physics students ére_rﬁ;r;:jconsistent.

Variance =2.88,S.D=1.7

Review Exercise 6

% Eii} :Zléss interval (i)  Ogive Gil) . Fisuiy
g 30 (v) 1,2,3,3.2,1,2 (vi) Geometric mean
; % 25 (vii) 66 (viii) 51 i i
: $ (ix) 7 H
" R 20 ® 0 (xi) Rs. 600/ R .
g0 (xiii) Range (xiv) ArithmeticMean  (xv) 0.5
i | g 10 (xvi) Variance (xvii) Mode
i | =
- & O .
i 1 11000.5 Y
o 0 50005 70005 4
F 5000.5 daries . 180 ~
I , : Upper class boundaries i Classes 1 150 ‘ B .
ii Exercise 6.3 15-16 12 120 £ 1
4 17-18 12 % - Tm_ =
| [ ‘
i 778 19 -20 3 60 = ‘
f 1247(for assumed mean of 1244) Total 27 30 - ‘ |
@) 65.5 inches @ W O ABCDE 2
Mean = 66, Median = 67, Mode = 71, GM = 6444
Meﬂn=154-3 Median = 156.5, Mode = 160 \ 44 . Y zsl]iY
odian = 121,125, Mode = 119.62, GM = 122.49,HM = 11 2% z zzs+ f__l_[_
Median = . s Ly Z
B - ) : : i A . nl 3 20—
!;-n Median = 12.5thitem Q1 =*- 2 5 15—
E i : —26.166 18 £ 150—
' l _ Q= 12.75th item s \ iﬂ & 125
' i : - 2 100
‘ Exercise 6.4 B Z s
| 2 Z 50
(R ree-o : o A
: i 2 1 T T T T ul-l ‘:’ 3
: Bl O 2 G sol (i) 171 ; 285588 % 8 !
f i i rema: w rem o E'5. 8 8 8.8 F
1 Range =65, Variance = 10.38 and SD=322 : 5 16 27 38 47 Waight (kg)

- @ |AM:  SectionA =7, SectionB=7
- (®) | Variance: SectionA =24,  Section B =64



Exercise 7.1

@)82597° (D3 g1s2° (iii) 84.3194° 1 (l.\,) 13-:05'30
@ 4;z°15' (i) 57°19'30" @) 12°59'44° (1_v) 3;1;33-; 30
; iv) —135°
muae @ j00° (i) 30° : @iv)
: o
(i) rad (i)~ radians
@) %radians; (ii) 73—radlans 3
iv) 1.0576 radians _ -
v " . ‘Exercise 7.2

ﬂ (i)1.047 cm (i) 3.1415 cm (iii) 12.57 m?
PR (i) 2.5 radians (i) 5 radians (m) 2.09 radians
. (i) 3.82 cm (ii) 0.1632 cm (iii) 6‘366. cm
96m’
(I) 2625cm (i) 6- 5625 cm’
8cm
70t m
T
2
4mcm
Sk Exercise 7.3
4 13r U=
P (i) 415°,-305° (ii) 315°, —405° (iii) —3—- LY
.. 5n —Hn
pprap |
W () 3"quadrant. (i) 1" quadrant (iii) 3" quadrant
(iv) 3 quadrant  (v) 2" quadrant
Exercise 7.4
@) +ve, I quadrant (ii)+ve, [-quadrant -
{as) e, Somdonnt (iv) —ve, Il-quadrant

(v) -ve, Il-quadrant (vi) +ve, II-quadrant

NOHECR e&{.‘j

A

=

-

5 3 4
cosecl=—, cosf=-— L M3y
3 C 1 : 5 , tanB 3 ,acuﬁ—?,wtﬁ—_-

Answers b 1 L T

(i) sin(-180°=0, cos(—lSO"_) ==, tan(180°)
sec(~1809=~1, cot(~180% = undefineq

(i) sin(-270°)=1, cos(~270°) =0, tan (=270°) = undefined
cosec(-270°) =1, sec(~270°) = undefined, cot (=270°)=0

=0, cosec(~180°) = undefined

(iii) sin720°=0, cos720° =1, tan 720° =

0, cosec720° = ynd,
sec720° =1, cot720° = undefined "

s O .
(iv) sin (1470 ] =5 (]470“] = _":[2_37 tan (14705] - 'Jl_"’ cosec(l4‘?0°) o
3 =

sec(1470°) =%, cot(1470°) =3

lg ¢
: cosB:—?:, sm9=—73, tan 0 = —/3, cosec(-}:'__z_‘ cotEl:—-l.

V3 V3

: iin L 1
1 — — 1
(i) (i1) \E (iii) 1+\5 (ivi2 (v)0

(i) 1" quadrant
(iv) 4" quadrant

(ii) 3" quadrant
(v) 4" quadrant

(iii) 2™ quadrant
(vi) 2" quadrant

& () 2556 (i) 26.16 (i) 7.79
333.92yd
Exercise 7.6 .
40° s 50v3m.
26.56‘; 160m
260 feet . ECINER
210
—=m
e

O FO RSALE
LI




| Review Exercise 7
/ .. cos® i 50 e A
F (Y] -@glc of depression () ._----sinIB (3ii) (w)_ ;
: = ) 2.6496
: (v) 1* quadrant ™) 3 (vii) Bl b
| @ W2 (x) 45 ”
. n. 454916° 5. 21604012

4. (1) i‘Emz:h'::m - (ii) 27 radian

5. (i) 550% -170°
o 1 39{)9-__3-
390 =-£.CDS ‘s 2

(i) 110°% -610°

6. (i) sin tan390° = J-

02 5ec390°= =
cosec390 J—

240° zf%, tan (~240%) =

R T T

cot390° =3

§

|

i

|
|q (i) sin (-—2400) = _Jg- 5 COS(-
fl 00580(‘240") = -2-3— , sec (—24{]0)‘: 2, cot (__2 400) = :f?‘;
1

J- B——,\B, cosecB—T cotfiﬂ-'-\/g

:sl:}=l smﬁ—-— tan
2

9. 4m (approximawly). 10. 194 feet (approximately).

Exercise 8.1

I

1.  ldcm 2, Scm 3, 6l

LB and /D are obtuse. ]
Exercise 8 2

SJ‘_I cm, leicm, J—_cm

St # Answer>
Lot _.-. -.—;’_' -A "’_M"l\ﬂ}-‘ —

Review Exercise §
(i) Greek
1.53 units.

mﬁE:JS_EJ; mE=£cm TG 25

\’@ J@Cm

ii) P
(ii) Perga (iii) Mathematician

' MBE = J-‘-ﬁ cm
- 86
3 x‘Tg_ '—4-53(approx.)

_215
T =14, 47(appr0x.]

_ 41794
19 =8'92(‘31!"3101’{»:.)

Exercise 9.1

60 cm '
2\/3_9‘ cm n 24

@: 40J2 em [P
B V4l em BB

3 A5 uid
g N

Exercise 9.2
8.39 cm

m lemor7cm

(a) QT>PR
(b) PR is farther from C than oT.

Review Exercise 9.

(iii) 24 centimeters

§ () congruent (i) CDisclosertoO

(vi)) 8

(v) 14.4 units ~ (vi) 6 cm

= {1) AC=12m. AB= 24m (ii.) Radius = 10 cm, Diameter = 20 cm
“(iii) 8 em @ SJE -

17 cm

(iv) 48 Units

(iv) 15 units -



"l

Exercise 10.1

8cm n 7em

@) 2 (i) 15.65 (i) 10
16 cm .
(i)x;49,y=14 (ii) x=58,y=15

(iii)x=34,y=14.8 (iV) x=35‘y =55

()6 cm (i) 3 cm

(iii) 345 cm (iv) 3(J§ ~1)em

Exercise 10.2

11 cm n 12cm
12cm  [HEMM 16cm
2J7 cm . 6cm

¥ Review Exercise 10

I o i i) OTLPQ (i) equal
‘ 39 ft
24°

() 26° (i) 122°
(a)i=8, j=67.4

5 M 1600

—

(M)

Exercise 1

(i) x_= 12, y=90° {ii) ¥=1

aue ‘ » y:: 90&
(i) x=12, y=674° (iv) x=110 y=619°
-(v) x=16, y=537° (vi) x=¢ :
) 3 £] }'*502
3
| Review Exercise 17
i 3V2 (i) AB=CD
ZADB = 65°% /BDC=25, mBC =50 - °
Exercise 12
x=35% y=145° ‘
10 units

(]) C.:62, x=10 (]_1) a=45,b=30
Review Exercise 12

(i) 60°
(vii) 25°

i) 110°  (v) 40° ) 37
(vi) 500 (viii) 125° ' o

s la
(1) x=98° y = 60° (ﬂ)_x =38°, y=255

Hx=80° (i) x=125° (iii) x=50°
(V) x=45° (v) y=12° (vi) x=70°

~ a 2
Review Exercise 13

none of these

(iv) touch each other internally

Iﬂ
7

r
5
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UNIT 1

- Quadratic equation

An equation that can be written in the form

ax* +bx+c=0

where a; b, and c are real numbers with a # 0, is a quadratic equation.
Standard form :

A quadratic equation written in the form ax® +bx+c =0 is in standard form.
7ero-factor property of real numbers.
If z; and b are real numbers, with ‘ab =0, then either a=0.0or b=0
Square root property

The solution set of x* =k is

(k.- V]
Quadratic formula
: The solutions of the quadratic equation ax Z4bx+c=0,
where a =0, are
bz - dac

2a

- Radical.equation :
~An equation in whwh the variable appears i one or more radicands.

 The discriminant = 3
o The expression b* --4ac that appears under the radical sign in | the qu*u:lratlc

formula is called the discriminant.
Cube roots of unity

1w, @’ are the cube roots of unity, where ©=

]

and o’ =

A 1+i3
2

: Prupertm; of the cube roots of unity
1. The sum of the cube roots of unity is zero, i.e. 1+ ®+ w* =0

2. The product of the cube roots of unity is 1, i.e. Ixoxd =@ =1.
’ 1

3. Each complex cube root of unity is reciprocal of the other, ie. ®= o

-1—1\5 \
==

— -
3 -Ulpssarg — %
. LY

|

Glossary : 00
_Relation between the roots and the coeffi e
If o, are the roots of the quadra

ax’ +bx+c =0, then

cients of a quadratic equation
tic equation

Sum of the roots =

and product of the roots .
Formation of quadratic (aqu'.:utit:tn':I

The quadratic equation whose roots are ¢, B is given b
Y

¥ — (sum of the roots) x + prod
Simultaneous equations product of the roots = 0,

More than one equation which are Satlsfed e .val of
ues of ¢

§ or a system of equations,

Arelation between two quantitiés of thesa
Proportion me kind lSCaIIedrano
-

Aproportionisa statement, which is expressedas CCIuivalence of tworatios

l
Iftworatiosa:band c: dareequal, ﬂaenwecanwnteg b= :: :d

Directvariation

If two quantities are related in such a way that when one chang:

inany ratio so does the other i
iscalled di
“Inverse variation irect variation. '

I

dt; :::-Jeo qQuantities are related in such-a way that when one quantity mcreeses the Oﬂ“
ases is called inverse vari

Joint Variation i

Joint

Vanatr:;iatlon is the same as direct variation with two or more quantities, Léjm

o quamla variation where a quantity varies directly as the product of two ot mor

Fesishin I{n ities. If x is jointly proportional to y and z, we can write xk) for so

We can also write this relanonshlp as ’ ‘ :

* ok
yz Ay

= INTT - et
e A i :

If P(x) and Q(x) are two_polynomials and Q(x) is uon_ze;opqumommls.--

than . P(x e
the fraction ng; is call.ed rational fraction. . ' . _. T




~ Proper rational fraction . | .
; ‘A rational fraction , Q(x)#0-is a proper rational fraction, if the degree of.
is less than the degree of denominator Q (x) 3

numerator P(x)
Improper rational fraction

A rational fraction 21%) Q(x)#0 is an improper rational fraction, i
P 1 n,
o, 0(x) . if the
degree of numerator P
_ Partial fractions
Splitting up a single r
single factor in denominator, su

[x) is equal to or greater than thé d_egree of denominator Q(x)

ational fraction into two or more rational fraction with
ch a procedure s called partial fractions

A set is a “collection of well-defined distinct objects, Sets are represented by
capital English alphabets, A, B, C"... 7 and elements of sets are represented by small
English alphabets, 4, B AR

Union of two sets. )
1f A and B are two sets,-then the union of set A and set B consists of all elements

in set A or in set B or in both A and B, and it is denoted by AUB.. Symbolically.
AUB={x|xe Aor xe B} v -

Intersection of two sets _ .
i If A and B are two sets, then the intersection of set A and set B consists of all -

~ those elements which are common to both A and B, and it is denoted by ANB,
-Symbolically, .

AnB={x|xe AN.xe B}
Disjoint sets 2
Two sets A and B are disjointif ANB=9.
Complement of a set ' - /
If U is universal set and A is a subset'of U, then U\ Ais called complement of
set A, and is denoted by A’or A”. '
Difference of two sets
If A and B are two sets, then their difference consists of all those
A which are not in B, and it is denoted by A\B or A—B symbolically
_ A\B={x|xc A A xg B}
_ Commutative property of union
For any two sets A and B
3 AUB=BUA
Commutative property of intersection
For any two sets A and B
ANnB=BNA

elements of

e

G‘Dswrg _.. ;

Glossary

Associative property of union
: For any three sets A, B and C
; ~AU(BUC)=(AUB)uC
Associative property of intersection
For any three sets

AN(BNC)=(AnB)nC
Distributive property of union over intefsectj
For any three sets A, B and C e
AU(BNC)=(Au B)n(AuC)
Distributive property of intersection over union
For any three sets A, B and C
AN(BUC)=(ANB)U(ANC)
‘De. Morgan’s laws
For any two sets A and B

. ® A(AUB)=ANE (i)  (AnB) =AU
Venn diagrams " ' )

Concept of sets i.e. union, intersection
_ _ ‘ €. ; , complement, diff
exp:eame:i ;:a:;s.lly with the help of Venn diagrams. 1131 mcsel'diag:ar::sceao:e?i‘:'u?lfallb;
represented by a circle and uni i ‘
o o il universal set is represented by a rectangle.
& (a, b) is called an ordered pai
. : pair of two elements a and b of i
sets, where a is the first element and b is the second element. ST
(a,b)#(b, a)
. Cartesian product '
|| i If A and B are two non- empty sets then A x B is called Cartesian product,
o 20 is set of all ordered pairs such that the first element of each ordered pair
, ngs to set A and second element of each ordered pair belongs fo sct B

symbolically.
| . i
AxB={(x,y)lxe A and ye B}
5 If A#B,then AxB#BxA

.Binary relation -

Any subset of ‘A x B is called a binary relation, where A and B are two non-

empty sets,

|: Domain au(! range of binary relation
| IfRis a binary relation from set A to set B, ie. '
R= {(-‘3 y)lxe AaYe B}. then domain ofR;s_se

of all ordered pairs‘in R and is denoted by “Dom R" -

1 of first eléu_i'enl;ﬁ ;




| B - ' Glo
E The range of R is set of second elements. of all ordered pairs in R, and is denme;fu"u

by “Range R”. .

Function y 2

BA and B are two _non-empty sets, then a binary relation f is said to be a
function from A to B, if
6] Domf=A g

There should be no repetition in the fi
contained in f.
Symbolically
f: A— B

n and range of 2 function
then set A is called domain of f, set B is

elements of all ordered pairs contained in

rst elements of all ordered pairs

~ Domain, co-domai
e T A — B be a function,

called co-domain of f and the set of second
£is called range of £ The range is subset of co-domain .
¥ ie. RangefcB

Into fdiittion } » t
Letfbea function from Ato B, thenfis into function, if

Range f #B

One - oue 07 1-1 function ;
letfbea function from A to B, then f is one-one function, if for each x€ A

there exist unique y € B,i.e. there is no repetition in the second element of all ordered

pairs contained in f.

i ] ~ Into and one-one funetion (injective function)
; Letf be a function from A to B, then fis injective

(into and one- one) function if

(1)  Range f+B
(i) There is no repetition in the second element

.4 containedinf.

-Onto fusiction (surjective function)
Letfbea function from A to B, then £ is onto function if

Range f=B p

One-one and onto function {hijecti%ré function) )
et f be function from A to B, ther f is one-one and onto (bijective) fu

if it is bagh one-one and onto.
One-n?orrespundcnée 3
' A and B are two non-empty sets then one-one correspondenc
and B rule for which each element of set A is paired with one a

B and each element of B is paired with one and only one eleme

unpaired. It is also known as one-t0-Y%
mber of €l

g of all ordered pairs

netion

elemen i
and non of the members of any set remains 0-oné

: functit_n#n one-one correspondence both sets A and B have same nu

-2 1
ement™

Glossary

“UNIT 6

Histogram
| A graphical representation of data in t.he fi
. y o
Frequency mm of rectangles is called Histogram
Anumber showing the repetitionofa valueinagi )
Frequency Polygons BIvenselofdats,
Acurveon the graph showing the fi
reque
. Median o P
Avalue lyinginthe middle ofarran :
ged datais cal i
Mode led median.
- Avalue repeated maximum timesinagi ;
: givenset i
a data and hence is usually used to find public op?;t;?m A e D patns
Range 2
_ The dlﬁerencc between maximum value and minimum value in given setof da
" . =1 set of data.

An angle is a union - -
: : of two rays which hav i
 the ray is called “initial side” and other ray is caﬂede‘:e:ﬁ?;logd?‘mt o
Scxage?: 1'51:-1‘,1 system (degrees, minutes, seconds) .
_ t is the system of measure ent i rotati
™ ment of an angle in which one ion i
plaégled Hng 3@0 parts, callled- degrees, written as 360°. One de::re:ai;npdlfe:iede o 60
: called minutes, written as 60’ and one minute is again di ided i Pryid
l called seconds, written as 60” ca g srdny o
i O : § -
Circular system (radians)
It i [3
o Oxfsa:n?ther system of measurement of an‘angle. In this system unit of
Er it 1g eis fadlan. One radian is an angle subtended at the centre of a circle
; e{lenglh is equal to radius of the circle. - :
Lenoth of an arci ‘ i
T ce;t 1 lm m arc is .measured by the formula £=78 where { is length of an
. ral angle of a circle measured in radians and  is radius of circle.
rea sector of circle ‘ '
Area of sector of a circle is given by A= -12-!':9-

Where r is radius of circle, )

I ECentral angle of sector measured in radians.

s‘ oterminal angles :

. i f“mg'-es having the same initial and terminal sides
 differ by a multiple of 2% radians or 360° they ar® al

are called co-terminal angles
so called general angles.

ll Angle in standard position
s In XY-plane (co-ordinate plane), if the
lal side lies on positive «-axis, then such an angle 1§
position. :

!

vertex of an angle lies at origin and
< said to be in stan '




e
g ® -
ik ‘=ants and quadrantal angles .

| A }Sf-prldane divided into four equal parts each part is called quadrant. Being in
%  the1”,2%,3% and 4™ quadrants means measure of angle from 0% to 90°, 90° to 180°,

-~ 180° to 270° and 270° to 360° respectively quadrant angles are 0°, 90°, 180°,90,360°,
. ° Trigonometricratios of unit circle : :
' These are sin@ =y, cos0=x, tan@="2
; 6 X

Glossary

.

Y

and cos :-l—, secB:l, cm&]:i
: y X y
. T_rigon()metric identities are
© . (@) cos’@+sin’0=1
(i) 1+tan®@=sec’®
(i) . 1+cot’@=cos’®
Angle of elévation .-
: If an object is. above the level of ‘observer’s sight then the angle between
the horizontal line and observer's line of sight is called angle of elevation.
Angle of depression . :
: If an object is below the level of observer’s sight then the angle between
the horizontal line and observer’s line of sight is called angle of depression.

Acute angle _
An angle is acute if and only if it has a measure greater than 0° and less than 90°.

Acnte triangle :
A triangle is acute if and only if it has three acute angles.

.~ Adjacent angles :

i) Two coplanar angles are
no points in the interior of one ang
Altitude of a triangle

‘An altitude of a triangle is the perpendicular segment j
| triangle to the line that contains the opposite side.

adjacent if and only if they have a common arm but
le are-in the interior of the other.

oining a vertex of the

Angle .
An angle is the union of two non-collinear rays with the same end point.

- Arc of a circle

Any portion of the circumference of a circle is called an arc of the circle.

Bisector of an angle
A ray that divides an angle into two equa

Central angle

; A central angle of a given circle is an angle whose vertex” is at the centre of

.. % thecircle. -

£

= AR NTD EENE) &RAN IE

- s T A T

1 adjacent ﬁngles is the bisector of the angle:

/— ' I . T e S

. Glossary
a .
Chord
A chord is a segment wh
0se end poj
p Circle : Points are on the circle.
A circle is the set of all coy : )
! planar s |
Circular region 1T points equidistant from a given point =
A circular region is the unio i . i
nofa et
Circumference of a circle citele and fs ipterior
The perimeter of a circle is its ci ' e
called its
Collinear points ' e, - ; : '
) Points are collinear if and only i i /
yifthereis ali ;
Complementary angles l.g @ line that contains all of them. :
Two angles are complementary i
! vl ry if and only i ;
Concentric circles ' n?y i m of their measuees is .
Two or more circles (in the sam
o e plane ici :
B s plane) are concentric if they share the same |
Concurrent lines b |
Two or more lines are concurrent i i
nt if an is a si int that Li
on all of them. Seag lf}hm = Stngle:point tha fies
Congruent angles - 1
Angles of the same degree measure. - e
Congruent arcs - :
Two arcs of a circle are said fo b i i .
e con
N ' gruent if and only if they have the same
t . Congruent cireles
1 Cl:_‘cles with congruent radii are called congruent circles. '
Congruunt figures : : ; 1
i Geometric: figures are congruent if and only if they have the same size and _

_ Congruent segments : o
g Two or more line segments are congruent if and only if they have the same ’1d
Congruent triangles iy : : :

v . o |

Given a correspondence ABC « DEF between the yertices of two o 1
the corresponding angles are congruent

/ i}f] the corresponding sides are congruent, and
en the correspondence ABC« DEF is called a congrueace
tnangles, )

between the two

Coplaner points. 5
i points are coplaner if and only if t
. Corollary v

- A statement that can easily be proved by 3PP fying & R

here is a plane that contains all of them.
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Diameter g '
A chord passing through the centre of a circle or in.the same circle, two
collinear radii form a diameter.

Externally tangent

Two or more-circles are externally tangent if they intersect in exactly one
point and if their interiors do not intersect.

Half - plane

Given a line and the plane containing it, the two sets separated by the line are
called half - planes. . ; - : '
Internally tangent

Two or more circles are internally tangent if they intersectin exactl\y one point
and if the interior of one contains the interior of the other.

Linear pairs

Two angles form a linear pair if and only if they are adjacent migles and the
noncommon sides are opposite rays.

Major and Miner arcs _ :
The larger of the two arcs is called the major arc and the smaller one is called
the minor arc, : ;
Measure of an arc - ;
The degree measure of a minor arc is the measure of the corresponding centre
angle. ;
The  degree measure of a major arc is 360° minus the degree measure of the
corresponding minor arc. : . 1 VLN
The dégree measure of a semi-circle is 180°. The degree measure of a circle is
taken to be 360°. :
Median of a triangle ; ' \ :
A segment is a median of a triangle if and only if its end points are vertex of
the triangle and the midpoint of the opposite side. :
Midpoint Y 4
" A point B is called the midpoint of AC if and only if (i) B is between A and C
and (ii) mAB =mBC. ' e
“Obtuse angle p : ' .
An angles is obtuse if and only if it has a measure greater than 90° but less
than 180°.

" Obtuse triangle

. A triangle is obtuse if and only if it has one obtuse angle.

(ippusitc rays oo
AB and AC are called opposite rays if and only if A is between B W 5t

‘parallel lines ‘
Two lines are parallel if they do not intersect.

perpendicular bisector

In a given plane, the perpendicular bisector of a segment is the line that is

pcrpendicular to the segment at its midpoint.

Radius of a qircle : _
A radius of a circle is

(i) Any segment with one endpoint at the centre and the other end :

2 point on the circle and
. (ii) The distance from the centre to the circle.

Ray

Ray AB[;E} is the figure that contains A and every pbint on the same side

of A as B.

Right angie BTy
- An angle of measure 90°.
Secant e .
A secantisa line that intersects a circle in exactly twg points.
Sector i, ay : .
. If AB is an arc of a circle with centre O and radius T, then the union of all

‘segments oP ,- where P is any point of AB,isasector. -
Segment of a circle
circle.

.

Supplementary angles )
- Two angles are supplementary if and
180°. '

Tangent ,

- t
A line that intersects a circle at exactly one poilt
point of intersection is called the point ©

is called a tangent, and the

f tangency (O point of contact).

A segment of a circle is the region bounded by 3 chord and an arc of the

only if the sum of their measures is




Angle of elevalien

I Angle in standard position 173
E Apollonius theorem ;32
| :l.' Arc A = .
” || | Area of a circular sector 170
-"fl - Arithmetic mean 133
.I ) Associative property 88
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! )| | -Basic Statistics
II | Bijective function
1 I |~ Binary relation
b | l. Biquadratic
Y =
(f
1 & Cartesian product 106
[ f . Central angle 206
1 £ Central tendency S
| Chord 202
;h i Circle 202
I1 " Circum-angle 241
l | . Circular system 165
' . Circumference 240
r|| | Circumscribe 257
‘ | Circumscribed circle 249
J, [ 1] Circumscribed hexagon 258
§% | Class boundaries 123
i ’ |7 Class limits 123
1 ‘ Class width 123
4 1Kt . Co-domain 111
g Co-efficients 5,31
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I Indey ~
Common tangent 264
Commutative property 88
Complement of a set 26
Completing square 5
Complex cube roots - 28
Componendo - - 58.59
Componendo-dividendo 58
Concentric circles 212
Convergent lines : 267
Congruent circles 227
continued proportion 57
Correspondence 113
Corresponding chords 207
Coterminal angles 172
Cube roots of unity 28
Cumulative frequency 130
Cumulative frequency polygon 130
Cyclic quadrilateral 249 -
L o |
r‘ s b A
Data _ 121
De Morgan’s Laws 94
Degree 166
Denominator 72
Diameter 202
Disjoint set 86
Difference of sets 86
Direct method 134
Direct proportion 67
Direct variation 53
Discriminant .23
Dispersion 153
Distributive property 2
Dividendo -8
Domain 108,11

General angle
Geometric mean

| ——
' iyl ot JeRae i Inverse proportion -
I Equidistant Inverse variation
| Equilateral triangle Invertendo
d i Exponential equations 13
{ Externally 219 |
! Extraneous roots 16 | Joint varition
? Extre.lln.efs - -, -52‘ ‘ 'E‘-method ‘
} |ﬁ L ' s ader] L;zear ;quatmn
“ Factorization 3 ar .. —
" Formation of quadratic equation - 36 ey~ M
Fourth proportional 57 | Major segment
Frequency distribution 122 | Mean proportion
Frequency polygon 127 | Mean
Function A 109 | Median
[_ Y R —| Midpoint
: e - | Minor arc

172 | Majorarc ~
143 | Minor segment

Grouped data 133 | Mode
= i
 Half circle 226 | Nature of the roots
Harmonic mean _ 145,146 | Non-collinear points
. Hexagon 247 | Non-repeated
Histograms - Numerator
- Imaginary ~ Obtuse angle

Improper fraction

ol Injective function

Inscribed angle

] Inscribed polygon

| Internal tangent
Intercepted arc

‘ Internally ;

- Intersecting circles
Intersection of sets
Into function
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One-One function -
112 { Onto function
249 | Ordered pairs

249
264 -
226,249 | Partial fractions
221 | Perfect square
265 Perpendicular bisectors

86 |Polygon
111 | Polynomial

139,150

[

24]

5 ey

52,133,135
133,139 -
123 .
226
226
241
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Product of the roots 32 Standard deviation
Projection . 194,196 | Standard form
Proper fraction 72 Standard position 7
Properties of cube roots of unity 29 Sum of the roots
proportions 52 Supplementary
Pythagorean theorem 184,205 | Surjective function
o — Symmetric functions
—— __ e e e ’ Synthetic division
Quadramal angle 174 | System of equations
Quadrants 173,176 L B ] 2 —~
Quadratic equation 2 — : :} }
Quadratic formula 6 Tally marks : :
Quadrilateral 245 | Tangent . i
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Radius 202 Unequal circles 45 4 Mifflin Harcourt i’
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